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Rings of differentiable semialgebraic functions
Elías Baro González1

Let r ≥ 1 be a positive integer. An initial problem when dealing with differentiable
semialgebraic functions of class Cr on a semialgebraic set M ⊂ Rm is to find an intrinsic
definition of such type of functions. In this work [1] we adopt the definition of Sr-functions
proposed in [2] and [3] in terms of jets of order r of (continuous) semialgebraic functions and
we denote Sr(M) the set of Sr-functions on an arbitrary semialgebraic set M ⊂ Rm.

We analyze the main properties of the Zariski and maximal spectra of the ring Sr(M).
Denote S0(M) the ring of semialgebraic functions on M that admit a continuous extension to
an open semialgebraic neighborhood of M in cl(M). This ring is the real closure of Sr(M).
Despite Sr(M) is not a real closed ring for r ≥ 1, the Zariski and maximal spectra of this
ring are homeomorphic to the corresponding ones of the real closed ring S0(M). In addition,
the quotients of Sr(M) by its prime ideals have real closed fields of fractions, so the ring
Sr(M) is close to be real closed. The homeomorphism between the spectra of Sr(M) and
S0(M) guarantee that all the properties of these rings that arise from spectra are the same for
both rings. For instance, the ring Sr(M) is a Gelfand ring and its Krull dimension is equal to
dim(M).

This is a joint work with J.F. Fernando and J.M. Gamboa.

Keywords: Differentiable semialgebraic function of class r, Zariski and maximal spectra,
real closed ring, Łojasiewicz’s Nullstellensatz
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Compactification of the group of rigid motions and
applications to robotics
Michel Coste1, Nestor Djintelbé2

The Study parametrization of the group of rigid motions gives a compactification of this
group as the Study quadric in the projective space of dimension 7 with homogeneous equation
x0y0 +x1y1 +x2y2 +x3y3 = 0. The boundary of this compactification is the 3-dimensional
subspace x0 = x1 = x2 = x3 = 0, in which the information about the rotation part of rigid
motions disappear. This information is recovered by blowing-up this subspace; one obtains
in this way a 5-dimensional boundary in the product of projective spaces P3 × P3.

This approach is used in order to compactify the workspace of parallel robots with re-
stricted degrees of freedom, notably platforms with three legs. The study of the degeneration
at infinity gives information on the kinematic behaviour of these robots, for sufficiently large
lengths of legs.
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Tritangents to sextic curves via Niemeier lattices
Alex Degtyarev1,

Consider a smooth degree 2n model X → Pn+1 of a K3-surface X and denote by FnX
the Fano graph of X , i.e., the adjacency graph of the set of straight lines contained in X .
(If the model is hyperelliptic, X → Q ↪→ Pn+1, its smoothness is understood as that of the
ramification locus C ⊂ Q, and lines in X are smooth rational curves mapped isomorphically
to lines in Q.) At present, we know sharp upper bounds on the number |FnX| of lines and
a detailed description of all close to maximal Fano graphs for all models, both birational and
hyperelliptic, of all degrees 2n ≥ 4. (Certainly, the best known is the classical case 2n = 4
of spatial quartics, going as far back as to F. Schur, 1882, almost settled by B. Segre in 1943,
and completed by S. Rams and M. Schütt in 2015; it is this latter paper that spurred a new
interest in this classical subject.)

Thus, the only case remaining open is that of degree 2 models X → P2: each such model
is hyperelliptic, the ramification locus is a smooth sextic curve C ⊂ P2, and the lines in X
are in a two-to-one correspondence with the tritangents to C, i.e., straight lines tangent to C
at three points (which may collide). Conjecturally,

The number of tritangents to a smooth sextic is 72, 66 (each realized by a single curve),
or less. The maximal number of real tritangents to a real smooth sextic is 66. (Observed are
all counts except 65 and 63.)

Here, the Fano graph is so complicated that it is not even clear in what terms one can
start describing the stars of its vertices, leave alone the whole graph. The estimated amount
of computation for the “classical” approach based on the elliptic pencils is overwhelming.
Therefore, I suggest another approach, based on embedding the Fano graph to an appropriate
Niemeier lattice. The computation becomes much easier (linear algebra in well-studied lat-
tices rather than abstract number theory), and it has been completed for all but Leech lattices.
At present, I am 99% sure that I can eliminate the Leech lattice, settling the above conjecture.

This work is partially supported by TÜBİTAK project 118F413.

Keywords: K3-surface, Sextic curve, Tritangent, Niemeier lattice
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Counting of real lines and 3-spaces in hypersurfaces
Sergey Finashin1,

In a preceding joint work with V.Kharlamov [FK1] we elaborated a certain signed count
of real lines on real hypersurfaces of degree 2n−1 in Pn+1. Contrary to the honest "cardinal"
count, it is independent of the choice of a hypersurface, and by this reason provides a strong
lower bound on the honest count. In this count the contribution of a line is its local input
to the Euler number of a certain auxiliary vector bundle. The aim of our new work is to
present other, in a sense more geometric, interpretations of this local input. One of them
results from a generalization of Segre species of real lines on cubic surfaces and another from
a generalization of Welschinger weights of real lines on quintic threefolds. Some of these
results can be extended for signed counting real 3-spaces (see [FK2]) and we are currently
working on the geometric interpretations of the signs involved.

Keywords: real lines, enumeration, Welschinger weights
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How many real eigenvalues do Bohemian Matrices have?
E. Y. S. Chan1, R. M. Corless1, L. Gonzalez-Vega2, J. Sendra3, J. R. Sendra4

Bohemian matrices are families of matrices whose entries come from a fixed discrete set
of small integers. The term is a contraction of BOunded HEight Matrix of Integers and was
coined by R. Corless and S. Thornton. Extensive computations of eigenvalues and character-
istic polynomials of Bohemian matrices have led to interesting observations and conjectures
(see http://www.bohemianmatrices.com and [1]). We will analyse two different prob-
lems regarding the number of different real eigenvalues for Bohemian matrices when their
size is fixed. The first one asks for the most frequent number of different real eigenvalues for
an Upper Hessenberg and Toeplitz matrix of size n with 1 in the first subdiagonal and when
the other entries come from the set {−1, 0, 1} (for n fixed, there are such 3n matrices). We
will show how an extensive computation provides one (unproven yet) conjecture for the pre-
viously introduced question. The second one is related with the Bohemian Correlation Ma-
trices. A symmetric matrix is a correlation matrix if it has ones on the diagonal and its eigen-
values are nonnegative. We will show that the number of Bohemian Correlation Matrices
over 0 and 1 are linked with Bell numbers (OEIS A000110 - http://oeis.org/A000110)
and will introduce a new characterisation of correlation matrices in order to analyse what
happens with these numbers when the entries come from the set {−1, 0, 1} and to solve some
correlation matrix completion problems arising in risk management and insurance (see [2]).

Keywords: Bohemian matrices, Real eigenvalues, Correlation matrices
Last three authors are partially supported by the Spanish Ministerio de Ciencia, Innovación y Universidades and by
the European Regional Development Fund (ERDF) under the project MTM2017-88796-P.

References
[1] E. Y. S. CHAN; R. M. CORLESS; L. GONZALEZ-VEGA; J. R. SENDRA; J. SENDRA;

S. E. THORNTON, Bohemian Upper Hessenberg Toeplitz Matrices. ArXiv preprint
arXiv:1809.10664 (2018).

[2] D. I. GEORGESCU; N. J. HIGHAM, G. W. PETERS, Explicit solutions to correlation
matrix completion problems, with an application to risk management and insurance.
Royal Society Open Science 5 (3), art. no. 172348 (2018).

1Western University, London, Canada
rob.corless@gmail.com

2Universidad de Cantabria, Santander, Spain
laureano.gonzalez@unican.es

3Universidad de Alcalá, Madrid, Spain
rafael.sendra@uah.es

4Universidad de Politécnica de Madrid, Madrid, Spain
juana.sendra@upm.es

http://www.bohemianmatrices.com
http://oeis.org/A000110


Workshop MEGAR – Effective Methods in Real Algebraic Geometry
Madrid, June 21–22, 2019

Finite real algebraic curves
Ilia Itenberg1

The talk is devoted to real plane algebraic curves with finitely many real points. We study
the following question: what is the maximal possible number of real points of such a curve
provided that it has given (even) degree and given geometric genus? This question is related to
the first part of Hilbert’s 16-th problem (topology of real algebraic varieties) and to Hilbert’s
17-th problem (more precisely, positivity of real polynomials vs. their representation as sums
of squares). We obtain a complete answer to the above question in the case where the degree
is sufficiently large with respect to the genus, and prove certain lower and upper bounds for
the number in question in the general case. This is a joint work with E. Brugallé, A. Degtyarev
and F. Mangolte.

Keywords: 1Institute de Mathématiques de Jussieu
Paris
France
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Checking real analyticity on surfaces
Wojciech Kucharz1,

I will report on a joint work with Jacek Bochnak and János Kollár. We prove that a real-
valued function (that is not assumed to be continuous) on a real analytic manifold is analytic
whenever all its restrictions to analytic submanifolds homeomorphic to the unit 2-sphere
are analytic. This is a real analog for the classical theorem of Hartogs that a function on a
complex manifold is complex analytic if and only if it is complex analytic when restricted to
any complex curve. I will also discuss some versions of this result for real Nash or regular
functions.

Keywords: Real analytic function, real analytic manifold, Nash function, regular function.
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Exponential convexifying of polynomials
K. Kurdyka1, S. Spodzieja2 K. Rudnicka3

Let X ⊂ Rn be a convex closed and semialgebraic set and let f be a polynomial positive
on X . We prove that there exists an exponent N ≥ 1, such that for any ξ ∈ Rn the function
ϕN (x) = eN |x−ξ|

2
f(x) is strongly convex on X . When X is unbounded we have to assume

also that the leading form of f is positive in Rn\{0}. We obtain strong convexity of ΦN (x) =

ee
N|x|2

f(x) on possibly unbounded X , provided N is sufficiently large, assuming only that
f is positive on X . Thus we develop results from [1], where we studied convexification by
a multiplicative factor of the form (1 + |x|2)N . We apply these results for searching critical
points of polynomials on convex closed semialgebraic sets.

References
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S. Banacha 22, 90-238 Łódź, POLAND
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Canonical class of real and tropical curves
Grigory Mikhalkin1,

We take a look at the canonical divisors for real and tropical curves. Motivated by recent
works of Kristin Shaw and Oleg Viro, we’ll pay a special attention to type I curves.

Keywords: type I real curves, real canonical divisor, round dances of points
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Measures from moments
Bernard Mourrain1

The problem of decomposing a (finitely supported) measure as a weighted sum of Dirac
measures from its moments appears in many contexts: signal processing, sparse interpolation,
tensor decomposition, polynomial optimization, . . .

We recall algebraic techniques such as Prony method for one-dimensional problems and
its extension in higher dimension, for the decomposition of a measure from a large enough
sequence of its moments. It exploits the underlying algebraic structure of the Artinian Goren-
stein algebra associated, by duality, to the moment sequence.

We then describe how this decomposition problem can be relaxed into convex optimiza-
tion problems and some conditions under which the relaxation is exact, i.e. the decomposition
can be obtained from the solution of the relaxed problem. These conditions are geometric on
the support of the measure or algebraic on the formulation of the polynomial optimisation
problem.

We illustrate the numerical behavior of these methods on experiments related to sparse
interpolation and polynomial optimisation problems.

Keywords: Polynomial optimisation, convex set, moment, measure, Gorenstein artinian
algebra, duality
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A version of Putinar’s Positivstellensatz for cylinders
Paula Escorcielo1, Daniel Perrucci2

We prove that, under some additional assumption, Putinar’s Positivstellensatz holds on
cylinders of type S × R with S = {x̄ ∈ Rn | g1(x̄) ≥ 0, . . . , gs(x̄) ≥ 0} such that the
quadratic module generated by g1, . . . , gs in R[X1, . . . , Xn] is archimedean, and we pro-
vide a degree bound for the representation of a polynomial f ∈ R[X1, . . . , Xn, Y ] which
is positive on S × R as an explicit element of the quadratic module generated by g1, . . . , gs
in R[X1, . . . , Xn, Y ]. We also include an example to show that an additional assumption is
necessary for Putinar’s Positivstellensatz to hold on cylinders of this type.

Keywords: Putinar’s Positivstellensatz, Certificates of non-negativity, Degree bounds
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Quadrature Rules and their Geometry
Cordian Riener1,

A quadrature rule of a measure µ on the real line R or the real plane R2 consists in a
convex combination of finitely many evaluations at points, called nodes, that agrees with
integration against µ for all polynomials up to some fixed degree d. In this talk we will
use the duality of positive polynomials and moments to analyse the geometry of Quadrature
rules. We will show how optimisation approaches can be used to bound the number of nodes
necessary. This yields new bounds in particular in the case of the plane. On the real line,
a quadrature rule with the minimal number of nodes is called Gaussian quadrature. Such
a quadrature is unique for degree 2d − 1. For even degrees we will construct a bivariate
polynomial whose roots parametrize the nodes of minimal quadrature rules for measures on
the real line. We give two symmetric determinantal formulas for this polynomial, which
translate the problem of finding the nodes to solving a generalized eigenvalue problem.

(based on joint works with G. Blekherman, M. Kummer, M. Schweighofer, and C. Vin-
zant)

Keywords: Quadrature rules, positive polynomials, optimisation
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Subresultant polynomials and their recent applications to
quantitative aspects of Hilbert 17 th problem and the

Fundamental Theorem of Algebra
M.F. Roy1

Subresultant polynomials are a version without denominators of the euclidean remainder
sequence of two univariate polynomials (often with parameters). They can be defined by
minors extracted from the Sylvester matrix of P and Q or as a function of the roots of P and Q
through Sylvester double sums. They enjoy good degree bounds in the paremeters and good
specialization properties and are used for efficient real root counting and sign determination.
They play a key role in complexity results for the modern quantifier elimination methods.
More recently they have been importat in proving elementary degree bounds for Hilbert 17
th problem and a quadratic degree bound for the univariate polynomials needed to prove the
Fundamental Theorem of Algebra.
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Construction of Overconstrained Moving Graphs∗

Josef Schicho1, Georg Grasegger2, Jan Legersky1

Let G = (V,E) be a simple undirected graph. Let λ be a labeling of the edges by
positive real numbers. A planar realization of (G,λ) realizes the vertices as points in the
Euclidean plane, such that the distance between any two vertices in an edge is equal to the
label of that edge. We call two realizations equivalent if and only if they differ by a distance-
preserving and orientation-preserving automorphism. The equivalence classes of realizations
form an algebraic variety. Following terminology in rigidity theory, we say that the graphG is
Laman if and only if this variety is zero-dimensional for a generic choice of λ. An equivalent
characterization is that |E| = 2|V | − 3 and that |E′| ≤ 2|V ′| − 3 for any subgraph (V ′, E′)
of G. A result of Pollaczek-Geiringer [Pol27], rediscovered by Laman [Lam70], shows that
a generic realization of a graph defines a rigid labeling if and only if the graph contains a
Laman subgraph with the same set of vertices. A graph G = (VG, EG) is called Laman if
|EG| = 2|VG| − 3, and |EH | ≤ 2|VH | − 3 for all subgraphs H of G. Hence, if a graph is not
spanned by a Laman graph, then a generic labeling is flexible, i.e., the graph is movable.

The study of movable overconstrained graphs has a long history. Two ways of making
the bipartite Laman graph K3,3 movable were given by Dixon more than one hundred years
ago [Dix99, Wun76, Sta13]. The first one works for any bipartite graph, placing the vertices
of one part on the x-axis and of the other on the y-axis. The second construction applies
to K4,4 and hence also to K3,3. Walter and Husty proved that these two give all flexible
labelings of K3,3 with injective realizations [WH07]. Other constructions are Burmester’s
focal point mechanisms [Bur93], a graph with 9 vertices and 16 edges, and two constructions
by Wunderlich [Wun54, Wun81] for bipartite graphs based on geometric theorems.

A closer inspection of the two types of moving K3,3’s shows that the first one is scal-
able, i.e., it works for graphs with arbitary many vertices, and the second is not. We present
two other constructions that also scale. Finally, we discuss the necessary and sufficient cri-
terion [GLS18a, GLS18b] for movability in terms of colorings of edges. A collection of old
and new constructions of moving graphs can be found in https://jan.legersky.cz/
project/movable_graphs_animations/.

Keywords: Euclidean plane, distance geometry, rigidity theory
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On the exactness of Lasserre relaxations and
pure states over real closed fields
Tom-Lukas Kriel and Markus Schweighofer1,

Consider a finite system of non-strict real polynomial inequalities and suppose its solution
set S ⊆ Rn is convex, has nonempty interior and is compact. Suppose that the system satisfies
the Archimedean condition, which is slightly stronger than the compactness of S. Suppose
that each defining polynomial satisfies a second order strict quasiconcavity condition where it
vanishes on S (which is very natural because of the convexity of S) or its Hessian has a certain
matrix sums of squares certificate for negative-semidefiniteness on S (fulfilled trivially by
linear polynomials). Then we show that the system possesses an exact Lasserre relaxation.

Keywords: moment relaxation, Lasserre relaxation, pure state, basic closed semialgebraic
set, positive polynomial, sum of squares, polynomial optimization, semidefinite program-
ming, linear matrix inequality, spectrahedron, semidefinitely representable set
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Numerical Computation of Homology Groups
of Closed Semialgebraic Sets

Peter Bürgisser1, Felipe Cucker2, Josue Tonelli-Cueto1

The corresponding paper can be found in preprint form in arXiv:1807.06435 and has been
published in Found. Comput. Math..
Background.

A semialgebraic set is a subset of Rn defined by a Boolean combination (i.e., a sequence
of unions, intersections, and complements) of polynomial equalities and inequalities. The
class of such sets is closed under unions, intersections, complements, and projections as well
as under taking images and preimages of polynomial maps. This wealth of closure properties
is consistent with the wealth of shapes that semialgebraic sets can take.

Semialgebraic sets play a distinguished role in several branches of mathematics. In
mathematical logic, they occur as the definable sets of the first-order theory of real closed
fields [33], in real algebraic geometry, where they are the constructible sets [6, 8], in complex-
ity theory, where complete problems over the reals in various complexity classes are stated in
terms of semialgebraic sets [7, 10], in mathematical programming [9], robotics [12, 31], . . . .
Not surprisingly, in the last decades, a substantial amount of work was devoted to the design
of algorithms for problems involving semialgebraic sets. This goal was already present in
Tarski’s work [33], where a procedure to decide the first-order theory of the reals is given.
In the 1970’s Collins [15] and Wüthrich [35], independently introduced an algorithm, today
known as Cylindrical Algebraic Decomposition (and usually referred as CAD) that allowed
to solve most of the problems mentioned before. The cost of running CAD on a list of q
polynomials of degree at most D in n variables is (qD)2O(n)

, that is, it has a doubly expo-
nential dependence on the number of variables, and this dependence is generic: it does hold
for all choices of coefficients for the polynomials in the list outside a smaller dimensional set.
In addition, since in all applications one needs to first compute a CAD and only then solve
from this CAD the problem at hand, this generic doubly exponential complexity appears to
be unavoidable no matter the problem considered. A new set of ideas, known as the critical
points method, was proposed in the late 1980’s by Grigori’ev and Vorobjov [25, 24]. Using
these ideas, complexity bounds improved to singly exponential in n, (qD)O(n), for many
of the questions considered on semialgebraic sets: deciding emptiness [25, 30, 4], counting
connected components [5, 13, 14, 26, 27], computing the dimension [28], the Euler-Poincaré
characteristic [2], and the first few [3] Betti numbers.

A problem that was conspicuously left out of these improvements is that of computing the
sequence of homology groups of a semialgebraic set. Of course, the list above contains partial
results in this direction (the number of connected components being the 0th Betti number) but,
as of today, no single exponential algorithm has been devised returning the whole sequence
of homology groups over Z (which gives information about the torsion in addition to the Betti
numbers). This sequence being arguably the most important set of topological invariants, the
importance of its computation can hardly be overemphasized.

All the algorithms mentioned above are symbolic in the sense that they assume infinite
precision in the computations. If implemented with finite precision they may, and experience
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shows they often do, return meaningless outputs. Driven by a search of numerical stability,
Cucker and Smale devised a numerical algorithm for deciding emptiness [20]. The possibility
of round-off errors implies the existence of a set of inputs for which, no matter the machine
precision nor the algorithm at hand, there exists computations that return a wrong answer
(wrong number of connected components, wrong dimension, etc.). This set of inputs, referred
to as ill-posed, is usually lower dimensional and hence of measure zero in the space of data.
Numerical algorithms are not expected to return an output on them. Instead, the computation
time is expected to increase with the proximity to the set of ill-posed inputs, a proximity
which is usually measured by, or closely related to, the condition number of the input at
hand. Complexity estimates are therefore commonly expressed in the dimensions of the data
and the condition number.

Yet, condition numbers are not, in general, known a priori, a fact that makes condition-
based complexity bounds to be less informative. The standard way to overcome this draw-
back, pioneered by Goldstine and von Neumann [23], Demmel [21], and Smale [32] among
others, consists of accepting statistical bounds in exchange of eliminating the condition num-
ber from these bounds. To do so, the space of data is endowed with a probability measure
(usually a Gaussian on an Euclidean space or the uniform distribution on a sphere) that al-
lows one to treat the condition number as a random variable. In this setting, the most common
form of analysis is the average analysis, that aims to bound the expected running time of the
algorithm in terms of the data’s dimensions only. Recently, however, Amelunxen and Lotz [1]
brought in a different form of analysis with the aim of giving a theoretical explanation of the
efficiency in practice of numerical algorithms whose average complexity was too high. A
paradigm of this situation is the power method to compute the leading eigenpair of a Her-
mitian matrix: this algorithm is very fast in practice, yet the average number of iterations it
performs has been shown to be infinite [29]. Amelunxen and Lotz realized that here, as in
many other problems, this disagreement between theory and practice is due to the presence
of a vanishingly small (more precisely, having a measure exponentially small with respect to
the input size) set of outliers, outside of which the algorithm can be shown to be efficient.
Complexity estimates holding outside a set of exponentially small measure were called weak
in [1].

Statement of the result. Let n ≥ 2, q ≥ 1, and d = (d1, . . . , dq), with di ≥ 1 for
i = 1, . . . , q. We denote by Pd[q] the vector space of polynomial tuples p = (p1, . . . , pq)
with pi ∈ R[X1, . . . , Xn] of degree at most di. We let D := max{d1, . . . , dq} and denote
by N the dimension of Pd[q]. We endow this space with the Weyl inner product and the
resulting unit sphere S(Pd[q]) = SN−1 with the uniform probability measure.

We say that a Boolean combination Φ over p ∈ Pd[q] is lax if it has no complements;
only unions and intersections of the atomic sets {pi(x) ≤ 0}, {pi(x) = 0}, and {pi(x) ≥ 0},
for i = 1, . . . , q. The size of Φ, denoted size(Φ) is the number of unions and intersections
in the sequence. We note that Φ defines a closed semialgebraic subset of Rn which we will
denote by W (p,Φ). Finally, we associate to p a condition number κaff(p). This condition
number does not depend on Φ.

The size of a pair (p,Φ) is size(p,Φ) := N + size(Φ).

Theorem. We exhibit a stable numerical algorithm Homology that, given a tuple p ∈ Pd[q]
and a lax Boolean combination Φ over p, computes the homology groups of W (p,Φ). The
cost of Homology on input (p,Φ), denoted cost(p,Φ), that is, the number of arithmetic
operations and comparisons in R, satisfies:

(i) cost(p,Φ) ≤ size(Φ)qO(n)(nDκaff(p))O(n2).



Furthermore, if p is drawn from the uniform distribution on SN−1, then:

(ii) cost(p,Φ) ≤ size(Φ)qO(n)(nD)O(n3) with probability at least 1− (nqD)−n, and

(iii) cost(p,Φ) ≤ 2O
(

size(p,Φ)1+
2
D

)
with probability at least 1− 2− size(p,Φ).

Although result does not bring down the complexity of computing homology groups
down to singly exponential time for all inputs, it does so for all inputs outside a subset of
data having exponentially small measure.

Relations with previous work and new ideas. Our results have not grown in the vacuum.
They owe ideas and intuitions to a number of works in the literature. Our use of grids goes
back to [20]. The goal in that paper was deciding feasibility of semialgebraic systems. Subse-
quently, these ideas were extended to the problem of counting the solutions of 0-dimensional
real projective sets [16, 17, 18] and, much more recently, to the computation of homology
groups. In [19], it is the homology of real projective sets, and in [11], that of basic semial-
gebraic sets. Some of the objects in these two papers —notably the algebraic neighborhoods
of a semialgebraic set given by f = 0, g ≥ 0 that were introduced in the last one— play a
crucial role in our development. Yet, the road-map to compute the homology groups of the
closed set W at hand passes, in both papers, through computing a covering U of W by open
balls of the same radius such that the nearest-point map U → W induces a deformation re-
traction. When W is a general closed semialgebraic set, however, such a covering may well
not exist as the nearest point may be undefined at points arbitrarily close to W . A simple
example of such a set W is given in the following picture.

We therefore need to proceed differently. The idea is to aim for a covering U which is
only homologically equivalent to S. To obtain it, we decompose W as the union of sets
Si given in terms of intersections only (basic semialgebraic sets) and repeatedly use Mayer-
Vietoris sequences to recover the homology of W from the homology of these pieces. This
requires to consider a family of algebraic neighborhoods for each Si and to use homological
algebra to establish isomorphisms between the homology groups of the Si, those of their
algebraic neighborhoods, and those of their coverings Ui. One key ingredient to make this
possible is the Semialgebraic Triangulation Theorem. Another key ingredient is ensuring that
all the algebraic neighborhoods above are homotopically equivalent to their corresponding
Si and probably the major technical effort in our agenda is to estimate a size (or tolerance)
for these algebraic neighborhoods that guarantees this equivalence. We do this in terms of
the condition number. Our estimate quantifies the results of Durfee [22]. Its proof relies
on an explicit construction of Whitney stratifications and submersions for which Thom’s
First Isotopy Lemma [34] can be applied. This use of semialgebraic geometry, as well as of
differential and algebraic topology, sets our arguments apart from those in [19] and [11].
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