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Tritangents to sextic curves via Niemeier lattices
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Consider a smooth degree 2n model X → Pn+1 of a K3-surface X and denote by FnX
the Fano graph of X , i.e., the adjacency graph of the set of straight lines contained in X .
(If the model is hyperelliptic, X → Q ↪→ Pn+1, its smoothness is understood as that of the
ramification locus C ⊂ Q, and lines in X are smooth rational curves mapped isomorphically
to lines in Q.) At present, we know sharp upper bounds on the number |FnX| of lines and
a detailed description of all close to maximal Fano graphs for all models, both birational and
hyperelliptic, of all degrees 2n ≥ 4. (Certainly, the best known is the classical case 2n = 4
of spatial quartics, going as far back as to F. Schur, 1882, almost settled by B. Segre in 1943,
and completed by S. Rams and M. Schütt in 2015; it is this latter paper that spurred a new
interest in this classical subject.)

Thus, the only case remaining open is that of degree 2 models X → P2: each such model
is hyperelliptic, the ramification locus is a smooth sextic curve C ⊂ P2, and the lines in X
are in a two-to-one correspondence with the tritangents to C, i.e., straight lines tangent to C
at three points (which may collide). Conjecturally,

The number of tritangents to a smooth sextic is 72, 66 (each realized by a single curve),
or less. The maximal number of real tritangents to a real smooth sextic is 66. (Observed are
all counts except 65 and 63.)

Here, the Fano graph is so complicated that it is not even clear in what terms one can
start describing the stars of its vertices, leave alone the whole graph. The estimated amount
of computation for the “classical” approach based on the elliptic pencils is overwhelming.
Therefore, I suggest another approach, based on embedding the Fano graph to an appropriate
Niemeier lattice. The computation becomes much easier (linear algebra in well-studied lat-
tices rather than abstract number theory), and it has been completed for all but Leech lattices.
At present, I am 99% sure that I can eliminate the Leech lattice, settling the above conjecture.
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