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A semialgebraic set is a subset of Rn defined by a Boolean combination (i.e., a sequence
of unions, intersections, and complements) of polynomial equalities and inequalities. The
class of such sets is closed under unions, intersections, complements, and projections as well
as under taking images and preimages of polynomial maps. This wealth of closure properties
is consistent with the wealth of shapes that semialgebraic sets can take.

Semialgebraic sets play a distinguished role in several branches of mathematics. In
mathematical logic, they occur as the definable sets of the first-order theory of real closed
fields [33], in real algebraic geometry, where they are the constructible sets [6, 8], in complex-
ity theory, where complete problems over the reals in various complexity classes are stated in
terms of semialgebraic sets [7, 10], in mathematical programming [9], robotics [12, 31], . . . .
Not surprisingly, in the last decades, a substantial amount of work was devoted to the design
of algorithms for problems involving semialgebraic sets. This goal was already present in
Tarski’s work [33], where a procedure to decide the first-order theory of the reals is given.
In the 1970’s Collins [15] and Wüthrich [35], independently introduced an algorithm, today
known as Cylindrical Algebraic Decomposition (and usually referred as CAD) that allowed
to solve most of the problems mentioned before. The cost of running CAD on a list of q
polynomials of degree at most D in n variables is (qD)2O(n)

, that is, it has a doubly expo-
nential dependence on the number of variables, and this dependence is generic: it does hold
for all choices of coefficients for the polynomials in the list outside a smaller dimensional set.
In addition, since in all applications one needs to first compute a CAD and only then solve
from this CAD the problem at hand, this generic doubly exponential complexity appears to
be unavoidable no matter the problem considered. A new set of ideas, known as the critical
points method, was proposed in the late 1980’s by Grigori’ev and Vorobjov [25, 24]. Using
these ideas, complexity bounds improved to singly exponential in n, (qD)O(n), for many
of the questions considered on semialgebraic sets: deciding emptiness [25, 30, 4], counting
connected components [5, 13, 14, 26, 27], computing the dimension [28], the Euler-Poincaré
characteristic [2], and the first few [3] Betti numbers.

A problem that was conspicuously left out of these improvements is that of computing the
sequence of homology groups of a semialgebraic set. Of course, the list above contains partial
results in this direction (the number of connected components being the 0th Betti number) but,
as of today, no single exponential algorithm has been devised returning the whole sequence
of homology groups over Z (which gives information about the torsion in addition to the Betti
numbers). This sequence being arguably the most important set of topological invariants, the
importance of its computation can hardly be overemphasized.

All the algorithms mentioned above are symbolic in the sense that they assume infinite
precision in the computations. If implemented with finite precision they may, and experience
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shows they often do, return meaningless outputs. Driven by a search of numerical stability,
Cucker and Smale devised a numerical algorithm for deciding emptiness [20]. The possibility
of round-off errors implies the existence of a set of inputs for which, no matter the machine
precision nor the algorithm at hand, there exists computations that return a wrong answer
(wrong number of connected components, wrong dimension, etc.). This set of inputs, referred
to as ill-posed, is usually lower dimensional and hence of measure zero in the space of data.
Numerical algorithms are not expected to return an output on them. Instead, the computation
time is expected to increase with the proximity to the set of ill-posed inputs, a proximity
which is usually measured by, or closely related to, the condition number of the input at
hand. Complexity estimates are therefore commonly expressed in the dimensions of the data
and the condition number.

Yet, condition numbers are not, in general, known a priori, a fact that makes condition-
based complexity bounds to be less informative. The standard way to overcome this draw-
back, pioneered by Goldstine and von Neumann [23], Demmel [21], and Smale [32] among
others, consists of accepting statistical bounds in exchange of eliminating the condition num-
ber from these bounds. To do so, the space of data is endowed with a probability measure
(usually a Gaussian on an Euclidean space or the uniform distribution on a sphere) that al-
lows one to treat the condition number as a random variable. In this setting, the most common
form of analysis is the average analysis, that aims to bound the expected running time of the
algorithm in terms of the data’s dimensions only. Recently, however, Amelunxen and Lotz [1]
brought in a different form of analysis with the aim of giving a theoretical explanation of the
efficiency in practice of numerical algorithms whose average complexity was too high. A
paradigm of this situation is the power method to compute the leading eigenpair of a Her-
mitian matrix: this algorithm is very fast in practice, yet the average number of iterations it
performs has been shown to be infinite [29]. Amelunxen and Lotz realized that here, as in
many other problems, this disagreement between theory and practice is due to the presence
of a vanishingly small (more precisely, having a measure exponentially small with respect to
the input size) set of outliers, outside of which the algorithm can be shown to be efficient.
Complexity estimates holding outside a set of exponentially small measure were called weak
in [1].

Statement of the result. Let n ≥ 2, q ≥ 1, and d = (d1, . . . , dq), with di ≥ 1 for
i = 1, . . . , q. We denote by Pd[q] the vector space of polynomial tuples p = (p1, . . . , pq)
with pi ∈ R[X1, . . . , Xn] of degree at most di. We let D := max{d1, . . . , dq} and denote
by N the dimension of Pd[q]. We endow this space with the Weyl inner product and the
resulting unit sphere S(Pd[q]) = SN−1 with the uniform probability measure.

We say that a Boolean combination Φ over p ∈ Pd[q] is lax if it has no complements;
only unions and intersections of the atomic sets {pi(x) ≤ 0}, {pi(x) = 0}, and {pi(x) ≥ 0},
for i = 1, . . . , q. The size of Φ, denoted size(Φ) is the number of unions and intersections
in the sequence. We note that Φ defines a closed semialgebraic subset of Rn which we will
denote by W (p,Φ). Finally, we associate to p a condition number κaff(p). This condition
number does not depend on Φ.

The size of a pair (p,Φ) is size(p,Φ) := N + size(Φ).

Theorem. We exhibit a stable numerical algorithm Homology that, given a tuple p ∈ Pd[q]
and a lax Boolean combination Φ over p, computes the homology groups of W (p,Φ). The
cost of Homology on input (p,Φ), denoted cost(p,Φ), that is, the number of arithmetic
operations and comparisons in R, satisfies:

(i) cost(p,Φ) ≤ size(Φ)qO(n)(nDκaff(p))O(n2).



Furthermore, if p is drawn from the uniform distribution on SN−1, then:

(ii) cost(p,Φ) ≤ size(Φ)qO(n)(nD)O(n3) with probability at least 1− (nqD)−n, and

(iii) cost(p,Φ) ≤ 2O
(

size(p,Φ)1+
2
D

)
with probability at least 1− 2− size(p,Φ).

Although result does not bring down the complexity of computing homology groups
down to singly exponential time for all inputs, it does so for all inputs outside a subset of
data having exponentially small measure.

Relations with previous work and new ideas. Our results have not grown in the vacuum.
They owe ideas and intuitions to a number of works in the literature. Our use of grids goes
back to [20]. The goal in that paper was deciding feasibility of semialgebraic systems. Subse-
quently, these ideas were extended to the problem of counting the solutions of 0-dimensional
real projective sets [16, 17, 18] and, much more recently, to the computation of homology
groups. In [19], it is the homology of real projective sets, and in [11], that of basic semial-
gebraic sets. Some of the objects in these two papers —notably the algebraic neighborhoods
of a semialgebraic set given by f = 0, g ≥ 0 that were introduced in the last one— play a
crucial role in our development. Yet, the road-map to compute the homology groups of the
closed set W at hand passes, in both papers, through computing a covering U of W by open
balls of the same radius such that the nearest-point map U → W induces a deformation re-
traction. When W is a general closed semialgebraic set, however, such a covering may well
not exist as the nearest point may be undefined at points arbitrarily close to W . A simple
example of such a set W is given in the following picture.

We therefore need to proceed differently. The idea is to aim for a covering U which is
only homologically equivalent to S. To obtain it, we decompose W as the union of sets
Si given in terms of intersections only (basic semialgebraic sets) and repeatedly use Mayer-
Vietoris sequences to recover the homology of W from the homology of these pieces. This
requires to consider a family of algebraic neighborhoods for each Si and to use homological
algebra to establish isomorphisms between the homology groups of the Si, those of their
algebraic neighborhoods, and those of their coverings Ui. One key ingredient to make this
possible is the Semialgebraic Triangulation Theorem. Another key ingredient is ensuring that
all the algebraic neighborhoods above are homotopically equivalent to their corresponding
Si and probably the major technical effort in our agenda is to estimate a size (or tolerance)
for these algebraic neighborhoods that guarantees this equivalence. We do this in terms of
the condition number. Our estimate quantifies the results of Durfee [22]. Its proof relies
on an explicit construction of Whitney stratifications and submersions for which Thom’s
First Isotopy Lemma [34] can be applied. This use of semialgebraic geometry, as well as of
differential and algebraic topology, sets our arguments apart from those in [19] and [11].
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