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Abstract. Given an ordinary differential equation F (x, y(x), y′(x), . . . , yn)(x)) = 0, poly-
nomial in y, y′, . . . , yn) and whose coefficients are complex radical expressions in x, we
analyze whether there exists a rational change of variable x = r(z) such that the new
differential equation G(z, Y (z), . . . , Y n)(z)) = 0 where Y (z) = y(r(z)) is algebraic (i.e. its
coefficients are rational in z). We describe an algorithm for this purpose, which provides
also the inverse transformation, so that the solutions of both ODEs are related. In the
particular case y′(x) = δ(x) with δ(x) an algebraic radical expression in x, the algorithm
outputs a change of variable into a rational integrand.

Monografías de la Real Academia de Ciencias. Zaragoza. 43: 135–138, (2018).
ISSN: 1132-6360

Introduction

The resolution of certain families of differential equations by algebraic means is currently
an active field. In particular the study of algebraic ordinary differential equations (AODEs),
that is, ODEs of the form F (x, y(x), y′(x), . . . , yn)(x)) = 0 where F is a polynomial over
the field of rational functions in x; see [GW15], [NTV18] and the references therein. In
this paper, we advance the topic by expanding the analysis to equations whose coefficients
contain radical expressions (see Example 2.7). More precisely, we consider the ODE

(1) F (x, y(x), y′(x), . . . , yn)(x)) = 0

where F is a polynomial over a field Fm generated by radical expressions in x with coefficients
in the complex field C. Examples of interest can be found in [Kam77]. The general goal is
to find, if it exists, a change of variable x = r(z) such that the new differential equation

(2) G(z, Y (z), . . . , Y n)(z)) = 0, where Y (z) = y(r(z))

is an algebraic ODE, and so algebra-based methods can be applied. For this, we will
utilize results in [SSV17] about rational reparametrization of radical varieties: a radical
parametrization is built, and if it is reparametrizable rationally, the resulting change of vari-
able also converts (1) into (2). Also, the inverse of the reparametrization is obtained, which
translates any solution of (2) into one of (1).

The second author is a member of the research group GADAC. This research is partially supported
by the Spanish Ministerio de Economía y Competitividad and the European Regional Development Fund
(ERDF), under Project MTM2017-88796-P; and by Junta de Extremadura and FEDER funds (group
FQM024).
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1. Preliminaries

In this section we recall some of the basic notions and results on radical varieties; for
further details see [SSV17]. In addition, it should be noted that, although most of the
results there are for arbitrary dimension, we present them here for the case of curves.

A radical (curve) parametrization is, intuitively speaking, a tuple of complex functions in
the variable x belonging to a radical extension of the field C(x). More precisely, we consider
a radical tower F0 = C(x) ⊆ · · · ⊆ Fm−1 ⊆ Fm such that Fi = Fi−1(δi) = F0(δ1, . . . , δi) with
δeii = αi ∈ Fi−1, ei ∈ N. Then, a radical parametrization is a tuple P of elements of Fm

whose Jacobian has rank 1; see Example 2.7.
Given a radical parametrization P, we define the radical curve associated to it as the

Zariski closure of Im(P) and denote it as VP . On the other hand, we define another curve,
called tower curve and denoted as VT, as follows: let ψ(x) = (x, δ1(x), . . . , δm(x)) (note that
this is another radical parametrization). Then VT is the Zariski closure of Im(ψ).

Now, since the components of P are rational functions in the δ’s, we have a rational map
R : VT → VP .

Remark 1.1. With the above notations and definitions, the following holds (see [SSV17, Th.
4.11]): genus(VP) ≤ genus(VT); furthermore, if VT is rational then VP is rational. Also, if
T : C→ VT is a parametrization of VT then R ◦ T is a parametrization of VP ; note that, if
R is birational and VP is rational then VT is rational.

2. Results and algorithm

We start with a technical lemma.

Lemma 2.1. Let x = r(z) be a change of variable, and let Y (z) = y(r(z)). Then
y(r(z))
y′(r(z))

...
yn)(r(z))

 = L(z)


Y (z)
Y ′(z)

...
Y n)(z)


where L is a lower triangular matrix whose entries are rational functions in {r′(z),. . ., rn)(z)}
and such that det(L) is a power of 1

r′(z) .

Proof. We will prove by induction r′(z)kyk)(r(z)) = Y k)(z) +
∑k−1

j=1 Rj(r
′, . . . , rk))Y j)(z),

for k ∈ {0, . . . , n} for some rational functions Rj in k variables. For k = 0 the equality is
obvious. Let us assume that it holds for k = `. Taking derivatives in the expression above
for k = ` we have that, for some rational functions Qj in `+ 1 variables,

` · r′(z)`−1y`)(r(z)) + r′(z)`+1y`+1)(r(z)) = Y `+1)(z) +
∑̀
j=1

Qj(r
′, . . . , r`+1))Y j)(z).

Applying the hypothesis of induction the formula is proven. �

Remark 2.2. Let I be the class of all non-constant differentiable functions r(z) such that
r′(z) ∈ C(z). If r(z) ∈ I, then the matrix L in the previous lemma has entries in C(z).
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Let a (x) ∈ FN
m be the tuple of coefficients of F in (1) for some term order.

Theorem 2.3. The following are equivalent:
(i) There exists r(z) ∈ I such that (2) is algebraic.
(ii) There exists r(z) ∈ I such that all the elements of a (r(z)) are rational.

Furthermore, if one holds for some r, the other one holds for the same r.

Proof. (ii) ⇒ (i) follows from the definition of I and Lemma 2.1. In order to see that
(i)⇒ (ii), let w = (w0, . . . , wn) be new variables and define

H1(z, w ) = F (r(z), w ) and H2(z, w ) = F (r(z), L−1(z) · w T ).

By (i), H2 ∈ C(z)[w ]. Also, by definition H1(z, w ) = H2(z, L · w T ). Now, since r ∈ I, we
have that L is a matrix over C(z). Therefore, H1(z, w ) ∈ C(z)[w ]. But the coefficients of
H1(z, w ) w.r.t. w are precisely the components of a (r(z)), and hence (ii) holds. �

The following result gives a sufficient condition to obtain an algebraic ODE. For this
purpose, consider the radical parametrization P(t) = (t, a (t)) and its associated VP , VT.

Corollary 2.4. (i) If s(z) ∈ I is such that all the elements of the tuple δ (s(z)) are
rational, then there exists r(z) ∈ C(z) ⊂ I such that (2) is algebraic.

(ii) If Q(z) = (r(z), . . .) is a rational parametrization of VT, then the ODE (2), obtained
applying the change x = r(z) to (1) is algebraic.

(iii) Suppose that Q(z) in (ii) is proper and let h be its inverse. If Y (z) is a solution of
(2), then Y (h(x, δ (x)) is a solution of (1).

Proof. (i) and (ii): the hypothesis implies that VT is unirational, and since VT is a curve it
is rational (see [SWPDa08]). Therefore, by Remark 1.1, VP is rational. Let (r(z), . . .) be a
rational parametrization of VT. Then (r(z), a (r(z)) is a rational parametrization of VP and
so the components of a (r(z)) are rational. Now the result follows from Theorem 2.3.

The proof of (iii) is a simple check. �

All the previous ideas can be algorithmically treated, as we do next. For this purpose, we
will use two auxiliary algorithms (see [SWPDa08] for details):

• RatParamAlg decides whether an algebraic curve is rational and, in the affirmative
case, computes a proper rational parametrization.
• InvParamAlg computes the inverse of a proper rational curve parametrization.

Algorithm 2.5 (Algebraic Reparametrization Algorithm for ODEs).

Input: An ODE in the form (1).
Output: EITHER a rational function change of variable x = r(z) such that applying it
to (1) yields an algebraic ODE, and a rational function h such that if Y (z) is a solution
of (2), then Y (h(x, δ (x)) is a solution of (1) OR “No answer”

1: Collect in the tuple a all coefficients of the differential equation (1).
2: Compute VT for P = (t, a ) (see [SSV17, Remark 4.7]) and apply RatParamAlg to it.
3: if VT has a rational parametrization Q(z) = (r(z), . . .) then
4: Compute the inverse h as InvParamAlg(Q)(z).
5: return x = r(z) and h.
6: else
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7: if R : VT → VP is birational then
8: return “No rational reparametrization exists for our purposes”
9: else

10: return “No answer”

Remark 2.6. If R is birational and VT is not rational, then VP cannot be rational. Therefore
there exists no r(z). If VT is not rational and R is not birational, it is possible that VP can
still be reparametrized somehow.

Example 2.7. Consider the radical ODE
√
x y′′(x)+

√
x+ 1+x = 0. Let a = (

√
x,
√
x+ 1+

x) and P = (x,
√
x,
√
x+ 1 +x). Define δ1 =

√
x and δ2 =

√
x+ 1. The tower variety is the

closure of the image of t 7→ (t, δ1(t), δ2(t)). It is an irreducible space curve with equations
∆2

1 − T,∆2
2 − T − 1. It is rational, with a parametrization Q(z) =

(
z4−2z2+1

4z2
, z

2−1
2z , z

2+1
2z

)
.

Therefore, substituting x = z4−2z2+1
4z2

into the original ODE we obtain

2z5Y ′′(z)

(z − 1)(z + 1)(z2 + 1)2
− 2z4(z4 + 3)Y ′(z)

(z2 + 1)3(z − 1)2(z + 1)2
+
z4 + 2z3 − 2z2 + 2z + 1

4z2
= 0

that is algebraic as expected. The inverse of Q is h(x1, x2, x3) = (x3 − x2)−1 which can
be used to recover solutions of the first ODE from those of the latter one, via the change
z = h(x, δ1(x), δ2(x)) =

√
x+ 1 +

√
x.

References

[GW15] Georg Grasegger and Franz Winkler. Symbolic solutions of first-order algebraic ODEs. In Com-
puter algebra and polynomials, volume 8942 of Lecture Notes in Comput. Sci., pages 94–104.
Springer, Cham, 2015.

[Kam77] Erich Kamke. Differentialgleichungen. B. G. Teubner, Stuttgart, 1977. Lösungsmethoden und
Lösungen. I: Gewöhnliche Differentialgleichungen, Neunte Auflage, Mit einem Vorwort von
Detlef Kamke.

[NTV18] Franz Winkler N. Thieu Vo, Georg Grasegger. Deciding the existence of rational general solu-
tions for first-order algebraic odes. J. of Symb. Comp., 87:127–139, 2018.

[SSV17] J. Rafael Sendra, David Sevilla, and Carlos Villarino. Algebraic and algorithmic aspects of
radical parametrizations. Comput. Aided Geom. Design, 55:1–14, 2017.

[SWPDa08] J. Rafael Sendra, Franz Winkler, and Sonia Pérez-Dí az. Rational algebraic curves, volume 22
of Algorithms and Computation in Mathematics. Springer, Berlin, 2008. A computer algebra
approach.

[First and third authors] Research Group ASYNACS. Dpto. de Física y Matemáticas, Univer-
sidad de Alcalá, 28871 Alcalá de Henares (Madrid), Spain

E-mail address: rafael.sendra@uah.es, carlos.villarino@uah.es

[Second author] Centro U. de Mérida, Univ. de Extremadura, Av. Santa Teresa de Jornet 38,
06800 Mérida (Badajoz), Spain

E-mail address: sevillad@unex.es


	Introduction
	1. Preliminaries
	2. Results and algorithm
	References

