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Abstract. Monomial ideals that have the same polarization are called copolar. Copolar
ideals share several important properties, like Betti numbers or height. Given an ideal I
we can obtain information about it by examining the family of ideals copolar to a it. We
give some examples of this approach that demonstrate its utility.
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1. Polarity classes

Polarization is a well known operation that transforms a monomial ideal into a squarefree
monomial ideal that shares several important properties with the original one [2, 4, 5].
Conversely, depolarization is the operation that given a squarefree ideal I gives a monomial
ideal J such that I is its polarization. We say that two monomial ideals are in the same
polarity class i.e. are copolar if they have the same polarization. In [8] the authors introduce
the concepts of support poset and depolarization poset and give a method to find all the ideals
that have the same polarization. The main definitions and results in [8] are the following.

Definition 1.1. Let n ∈ N and let (a1, . . . , an) ∈ Nn. Let µ = (b1, . . . , bn) ∈ Nn where

bi ≤ ai for all i. The polarization of µ in Na1+···+an is the multi-index µ = (

b1︷ ︸︸ ︷
1, . . . , 1,

a1−b1︷ ︸︸ ︷
0, . . . , 0,

. . . ,

bn︷ ︸︸ ︷
1, . . . , 1,

an−bn︷ ︸︸ ︷
0, . . . , 0). The polarization of xµ = xb11 · · ·xbnn ∈ R = k[x1, . . . , xn] is the square-

free monomial xµ = x1,1 · · ·x1,b1 · · ·xn,1 · · ·xn,bn in S = k[x1,1, . . . , x1,a1 , . . . , xn,1, . . . , xn,an ]
(observe that for ease of notation we used x with two different meanings in this definition).

Let I = 〈m1, . . . ,mr〉 be a monomial ideal in R = k[x1, . . . , xn]. The polarization of I,
denoted by I, is the monomial ideal in S = k[x1,1, . . . , x1,a1 , . . . , xn,1, . . . , xn,an ] given by
I = 〈m1, . . . ,mr〉, where ai is the maximum exponent to which indeterminate xi appears
among the monomials in G(I).

Let I ⊆ R be a squarefree monomial ideal. A depolarization of I is a monomial ideal
J ⊆ S such that I is equivalent to J ⊆ T i.e. R and T have the same number of variables
and there is a bijective map ϕ from the set of variables of R to the set of variables of T such
that ϕ(G(I)) = G(J), where G(J) is the unique minimal monomial generating set of J .

Let I ⊆ R = k[x1, . . . , xn] be a squarefree monomial ideal. Let G(I) = {m1, . . . ,mr}
be the unique minimal monomial generating set of I. For each xi, 1 ≤ i ≤ n the set
Ci ⊆ {x1, . . . , xn} is given by the indices of all the variables that appear in every minimal
generator of I in which xi is present, including xi itself. Let CI be the set of the Ci’s just
defined. The poset on the elements of CI ordered by inclusion is called the support poset of
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I and is denoted suppPos(I). The support poset of a general monomial ideal is the support
poset of its polarization.

The support poset of any monomial ideal I ⊆ R = k[x1, . . . , xn], together with a given
ordering < on the variables x1, . . . , xn induces a partial order ≺ in the set of variables as
follows: xi ≺ xj if Ci ⊂ Cj or if Ci = Cj and xi < xj . This poset is the <-support poset of
I denoted suppPos<(I).

Not every poset is the support poset of a monomial ideal. We can however give some
conditions on the poset, like the following result.

Proposition 1.2. Let P be a directed forest. Then there is a monomial ideal I such that P
is its support poset.

Definition 1.3. Let I ⊆ k[x1, . . . , xn] be a squarefree monomial ideal and < a total order
on the variables. A depolarization order for I is a partition of suppPos<(I) in disjoint paths.

Using any depolarization order of a squarefree monomial ideal I, we can construct a
depolarization of I. Let (P ,<) be a depolarization order for a squarefree monomial ideal
I ⊆ R = k[x1, . . . , xn], where P = {σ1, . . . , σk} and each σi is a path in suppPos(I). We
construct a depolarization J of I in a polynomial ring S = k[y1, . . . , yk] as follows: for each
m ∈ G(I) consider the monomial m′ given by the image of m under the correspondence
xi 7→ yj for each i ∈ σj . This produces a monomial ideal J whose polarization J is clearly
equivalent to I with the map sending yj,l 7→ xσj l where σj l is the l’th element of σj under
the order <. Every depolarization is obtained in this way.

Theorem 1.4. Let I = 〈m1, . . . ,mr〉 ⊆ R = k[x1, . . . , xn] be a squarefree monomial ideal.
Every depolarization of I can be obtained from a depolarization order of I.

Example 1.5. Let I be the squarefree monomial ideal

I = 〈x1x2x3x4, x4x6x7, x1x2x4x5x6, x7x8x9, x7x8x10〉 ⊆ k[x1, . . . , x10].

The figure shows a path partition of its support poset with respect to any order of the
variables such that x2 < x1. It gives the depolarization J = 〈y41, y1y2y3, y31y22, y33, y23y4〉 ⊆
k[y1, y2, y3, y4] for I. The equivalence between J and I is given by y1,1 7→ x4, y1,2 7→ x2,
y1,3 7→ x1, y1,4 7→ x3, y2,1 7→ x6, y2,2 7→ x5, y3,1 7→ x7, y3,2 7→ x8, y3,3 7→ x9, y4,1 7→ x10.
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The set of all path partitions of a given poset are sorted by refinement and using this
ordering they form themselves a poset. Let I be a squarefree monomial ideal and let J and
J ′ be two depolarizations of I. We say that J ≤ J ′ if the path partition giving rise to J is
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a refinement of the one corresponding to J ′. The set of ideals that are a depolarization of a
given squarefree monomial ideal I forms a poset in which I is the unique minimal element.
We call this the depolarization poset of I, denoted DP(I). Given any monomial ideal J , we
say that the depolarization poset of J is the depolarization poset of its polarization J ′, i.e.
DP(J) ≡ DP(J ′).

Definition 1.6. We say that two monomial ideals I and J are copolar if their polarizations
are equivalent i.e., if they are in the same depolarization poset.

2. Copolar properties

Let lcm(I) be the least common multiple lattice of I, cf. [3].

Lemma 2.1. Let I and J two copolar ideals, then lcm(I) ∼= lcm(J).

Hence, any property that depends on the lcm-lattice is copolar i.e. is the same for copolar
ideals. The lcm-lattice of a monomial ideal encodes the structure of its minimal free reso-
lution and thus its Betti numbers [3] and all related invariants, like regularity or projective
dimension. Some other important invariants are also fixed under polarization. The following
is a list of copolar properties (cf. [4, 2]).

Proposition 2.2. Let I ⊆ S be a monomial ideal and J ⊆ T its polarization. Then
(1) βi,j(I) = βi,j(J) for all i and j;
(2) HI(t) = (1− t)δHJ(t) where δ = dimT − dimS;
(3) height(I) = height(J);
(4) projdim(S/I) = projdim(T/J) and reg(S/I) = reg(T/J);
(5) S/I is Cohen-Macaulay (resp. Gorenstein) if and only if T/J is Cohen-Macaulay

(resp. Gorenstein).

Other recent results in this direction show that the Stanley conjecture can be reduced to
the squarefree case via polarization, and that the Stanley projective dimension is invariant
under polarization [6, 7].

3. Using depolarization to relate copolar and non-copolar properties

The fact that some properties are copolar and some convenient ones are not gives us
a way to use the latter to obtain information about ideals. The general procedure is the
following: explore the depolarization lattice of a monomial ideal to find a special ideal with
some particular property that has consequences that can then be applied to all its copolarity
class.

A good example of this is that quasi-stable monomial ideals (also known as nested-type)
have some nice properties that allow us to compute their regularity, projective dimension and
finding a free resolution cf. [9, 10, 1]. Finding a quasi-stable ideal in the depolarization poset
allows us to compute the regularity and projective dimension of all ideals in its polarity class.
In particular, zero-dimensional ideals are quasi-stable, hence the following two propositions
provide an example of the above procedure:

Proposition 3.1. Let (P,⊆) be a poset of subsets of the set [nm] formed by n > 1 disjoint
paths each of length m. Then there is at least one squarefree monomial ideal In,m such that
P is its support poset and there is a zero-dimensional monomial ideal Jn,m copolar to In,m.
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Proposition 3.2. Let n be a positive integer and m1, . . . ,mn positive integers such that
mi ≤ n for all n. Let m =

∑
imi and let (P,≺) a poset of subsets of the set [m] formed by

n disjoint paths each of length mi. Then there is at least one squarefree monomial ideal I
such that P is its support poset except if n = 2 and m1 6= m2. Moreover, if for all i mi > 1,
then there is a zero-dimensional monomial ideal copolar to I.

The next proposition is an example of the same procedure in which we find an ideal in
a polarity class of which we are able to compute the homological invariants that can be
transferred to all ideals copolar to it.

Proposition 3.3. Let (P,⊆) be a poset of subsets of the set [4m] formed by m ≥ 1 disjoint
diamonds D1, . . . , Dm, Di = {ai1, . . . , ai4} with ai1 < ai2, ai1 < ai3, ai2 < ai4, ai3 < ai4.
Then there is at least one squarefree monomial ideal Im such that P is its support poset and
for every ideal Jm in its polarity class we have reg(Jm) = 2m and projdim(Jm) = bm2 c and
its minimal free resolution is given as an iterated cone resolution.
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