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Abstract. k-out-of-n systems have been intensively studied because of their importance
in engineering and biology. In this paper we study the algebraic approach to their multi-
state version. We review the different definitions that multistate k-out-of-n systems have
received and show how the algebraic method is used to study their reliability in a general
way with a single approach.
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Introduction

The study of the reliability of a system, i.e. the probability that the system works, is a
relevant branch of engineering and network science. In this context we define binary systems
with binary components as those in which both the system and each of the components can
only be in two possible states: fail or work. An important class of binary systems are
k-out-of-n systems, which have n components and work if and only if at least k of the
components are working. For a detailed study of k-out-of-n systems see [6]. In practice,
binary systems are unable to model many real problems. Hence the concept of multistate
system was proposed in [4, 7, 9]. A multistate system has several states {0, . . . ,M} that
range from complete failure to full operation. The components of a multistate system can be
binary or multistate. We adress in this work the multistate versions of k-out-of-n systems.

In this paper we denote the components of a system S by x1, . . . , xn, each of which can be
in a set of states Si = {0, . . . ,mi}. The system itself can be in a set of states S = {0, . . . ,m}.
The structure function φ : S1 × · · · × Sn → S of S outputs the state of the system in terms
of the states of each of the components.

1. k-out-of-n multistate system: definitions

The first definition of multistate k-out-of-n systems is due to El-Neweihi et. al. [4].

Definition 1.1 (El-Neweihi et. al., 1978). Let S be a system {x1, . . . , xn} with n compo-
nents in which every component can reach a finite number of states S = {0, 1, . . . , i}. The
system S is a multistate k-out-of-n system if its structure function φ : Sn → S satisfies

φ(x) = x(n−k+1),

where x = (x1, . . . , xn) denotes the vector of states of components {x1, . . . , xn} and x(1) ≤
x(2) ≤ · · · ≤ x(n) is a non decreasing arrangement of x1, . . . , xn.

Later, Boedigheimer and Kapur [2] defined multistate k-out-of-n on a probabilistic way:

Definition 1.2 (Boedigheimer and Kapur, 1994). φ is a multistate k-out-of-n : G structure
function if, and only if, φ has

(
n
k

)
lower boundary points to level j (j = 1, . . . ,M) and

(
n
k−1
)

upper boundary points to level j (j = 0, . . . ,M − 1).
131



132 P. PASCUAL-ORTIGOSA, E. SÁENZ-DE-CABEZÓN, AND H. P. WYNN

A new definition was given in [5] by Huang, Zuo and Wu, which does not require the
same number of components to be in a certain state to determine the state of the system.
See [5, 6] for the reliability evaluation and numerical examples of these systems.

Definition 1.3 (Huang, Zuo and Wu, 2000). An n-component system is called a generalized
multistate k-out-of-n:G system if φ(x) > j, 1 ≤ j ≤ M whenever there exist and integer
value l (j ≤ l ≤M) such that at least kl components are in state l or above.

Zuo and Tian give in [13] a new definition of multistate k-out-of-n : F system:

Definition 1.4 (Zuo and Tian, 2006). An n-component system is called generalized mul-
tistate k-out-of-n : F system if φ(x) < j, 1 ≤ j ≤ M whenever the states of at least kl
components are below l for all l such that j ≤ l ≤ M . If k1 ≤ k2 ≤ · · · ≤ kM , the system
is called increasing multistate k-out-of-n : G system otherwise it is a decreasing multistate
k-out-of-n : G system.

In [10] Sáenz-de-Cabezón defines the following systems:

Definition 1.5. Let S be a system with n components in which every component can reach
a finite number of states {0, 1, . . . , i}. S is an i-multistate k-out-of-n : F system if S fails
whenever the sum of the states of its components reaches level k.

Along with the different definitions of multistate k-out-of-n systems, several methods
to compute their reliability have been proposed. In [13] an efficient recursive method to
calculate the reliability of a multistate k-out-of-n : F system based on minimal cut vectors
is given. The method in [1] works for an arbitrary multistate k-out-of-n : G system and is
fast and works for large systems. Zaho and Cui propose in [12] a method using the finite
Markov chain imbedding (FMCI) approach. Chaturvedi et al. propose in [3] an efficient
method and a detailed algorithm to compute the exact reliability of multistate k-out-of-n : G
system. Their method is based on conditional probabilities. In [8] a new analytic method
based on multi-valued decision diagrams is given.

2. Algebraic analysis of multistate k-out-of-n systems

Our contribution in this paper is the application of the algebraic method in [11] to compute
the reliability of k-out-of-n : G systems. This is a general method that can be adapted to
all the definitions in the previous section. Let S be a coherent system with n components.
Let FS,j be the set of tuples of components’ states x such that φ(x) ≥ j for some 0 <

j ≤ m. The elements of FS,j are called j-working states of S. Let FS,j be the set of
minimal j-working states, i.e. states in FS,j such that degradation of the performance of
any component provokes that the overall performance of the system is degraded to j′ < j.
Let R = k[x1, . . . , xn] be a polynomial ring over a field k. Each tuple of components’ states
(s1, . . . , sn) ∈ S1 × · · · × Sn corresponds to the monomial xs11 · · ·xsnn in R. The coherence
property of the system is equivalent to saying that the elements of FS,j correspond to the
monomials in an ideal, denoted by IS,j and called the j-reliability ideal of S. The unique
minimal monomial generating set of IS,j is formed by the monomials corresponding to the
elements of FS,j (see [11, §2] for more details). Hence, obtaining the set of minimal cuts
of S amounts to compute the minimal generating set of IS,j . In order to compute the j-
reliability of S (i.e. the probability that the system is performing at least at level j) we
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can use the numerator of the Hilbert series of IS,j , denoted by HIS,j . The polynomial HIS,j
gives a formula, in terms of x1, . . . , xn that enumerates all the monomials in IS,j , i.e. the
monomials corresponding to the states in FS,j . Hence, computing the (numerator of) the
Hilbert series of IS,j provides a way to compute the j-reliability of S by substituting xai by
pi,a, the probability that the component i is at least performing at level a, as explored in
[11, §2] (for the binary case). We now give the j-reliability ideals of multistate k-out-of-n
systems according to the definitions in the previous section.

Proposition 2.1. The following is the j-reliability ideal of a k-out-of-n multistate system
according to Definition 1.1 and Definition 1.2

I(k,n),j = 〈
∏

xi∈σ,|σ|=k

xji | σ ⊆ {1, . . . , n}〉.

Proposition 2.2. The following is the j-reliability ideal of a k-out-of-n multistate system
according to Definition 1.3 and Definition 1.4

I(kl,n),j = 〈
∏

xi∈σ,|σ|=kl

xji | σ ⊆ {1, . . . , n}〉

Proposition 2.3. The following is the j-reliability ideal of a k-out-of-n multistate system
according to Definition 1.5

Ik[n,i] = 〈x
i1
1 x

i2
2 . . . x

in
n | i1 + i2 + · · ·+ in = k and im = i for one m ∈ {1, 2, . . . , n}〉

3. Examples and computations

Example 3.1. This is example 8 in [5]. Consider a multistate k-out-of-3 system with four
states (0, 1, 2, 3) such that k3 = 2, k2 = 2 and k1 = 3. The probabilities of the different
components are p1,0 = 0.1, p1,1 = 0.2, p1,2 = 0.3, p1,3 = 0.4, p2,0 = 0.1, p2,1 = 0.2, p2,2 = 0.2,
p2,3 = 0.6, p3,0 = 0.1, p3,1 = 0.2, p3,2 = 0.4, p3,3 = 0.3. We use here the algebraic method
to compute the probability that the system is respectively in states 0, 1, 2 and 3 and obtain
the same exact results than [5].

For the system to be in state 3 there must be at least 2 components in state 3 or above
(k3 = 2). Hence IS3 = 〈x3y3, x3z3, y3z3〉. The numerator of the Hilbert series is HIS3

=

x3y3+x3z3+y3z3−2(x3y3z3). Then, the probability that the system is in state 3 or above,
denoted RS,3, is 0.396, which equals the probability that the system is exactly in state 3,
denoted rS,3. The system is in state 2 or above if at least 2 components are in state 2 or
above, hence IS2 = 〈x2y2, x2z2, y2z2〉 and HIS2

= x2y2+x2z2+y2z2−2(x2y2z2). We obtain
RS,2 = 0.826 and rS,2 = RS,2 −RS,3 = 0.826− 0.396 = 0.430.

Since k1 = 3 the system is in state 1 or above if all 3 components are in state 1 or above or
if at least 2 components are in state 2 or above or if at least 2 components are in state 3 or
above. IS1 = 〈xyz, x2y2, x2z2, y2z2〉,HIS1

= xyz+x2y2+x2z2+y2z2−(xy2z2+x2yz2+x2y2z)
and we obtain RS,1 = 0.89 and rS,1 = RS,1 −RS,2 = 0.89− 0.826 = 0.064.

Finally rS,0 = RS,0 −RS,1 = 1− 0.89 = 0.11.

Example 3.2. We consider a multistate k-out-of-3 system given by the Definition 1.1.
The system and components can be in three states {0, 1, 2}. If we work with k = 1, the
structure function of the system is φ(x) = x(3). The probabilities of the different components
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are the following: p1,0 = 0.1, p1,1 = 0.4, p1,2 = 0.5, p2,0 = 0.1, p2,1 = 0.7, p2,2 = 0.2,
p3,0 = 0.2, p3,1 = 0.6, p3,2 = 0.2. We use here the algebraic method to compute the
probability that the system is respectively in states 0, 1 and 2. The system is in state 2
if at least one component is in state 2. Then, the corresponding ideal is IS2 = 〈x21, x22, x23〉
and HIS2

= x21 + x22 + x23 − (x21x
2
2 + x21x

2
3 + x22x

2
3) + x21x

2
2x

2
3. From this, we obtain that

the probability that the system is in state 2 is RS,2 = 0.68. The system is in state 1
or above if at least one component is in state 1, so that IS1 = 〈x1, x2, x3〉 and HIS2

=

x1 + x2 + x3 − (x1x2 + x1x3 + x2x3) + x1x2x3. The probability that the system is in
state 1 or above is then RS,1 = 0.762, and the probability that the system is in state 1 is
rS,1 = RS,1 −RS,2 = 0.762− 0.68 = 0.082. Finally, rS,0 = RS,0 −RS,1 = 1− 0.762 = 0.238.
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