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Abstract. We describe two new characterizations of freeness for hyperplane arrange-
ments via the study of the generic initial ideal and of the sectional matrix of the Jacobian
ideal of arrangements. Moreover, we will show the new package arrangements fot the
software CoCoA.
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1. Introduction

An arrangement of hyperplanes is a finite collection of codimension one affine subspaces
in a finite dimensional vector space. Associated to these spaces, there is a plethora of
algebraic, combinatorial and topological invariants. Arrangements are easily defined but
they lead to deep and beautiful results that put in connection various area of mathematics.
We refer to [9] for a comprehensive treatment of the subject.

In the theory of hyperplane arrangements, the freeness of an arrangement is a key notion
which connects arrangement theory with algebraic geometry and combinatorics. The notion
of freeness was introduced by Saito in [11] for the case of hypersurfaces in the analytic
category. The special case of hyperplane arrangements was firstly studied by Terao in [12],
where he showed that we can pass from analytic to algebraic considerations. By definition,
an arrangement is free if and only if its module of logarithmic derivations is a free module. It
turns out that, by Terao’s characterization [9], this notion is equivalent to the requirement
that the Jacobian ideal of the arrangement (the ideal generated by the defining equation
and its partial derivatives) is Cohen-Macaulay of codimension 2. To check freeness for a
given arrangement, or to construct new free arrangements, is a very difficult task though it
is very fundamental.

We will give new characterizations of freeness for any dimension. Namely, starting from
the result of Terao, we characterize freeness in terms of the generic initial ideal and of
the sectional matrix of the Jacobian ideal J(A) of the arrangement A, Moreover, we will
describe the package arrangements that we developed for the software CoCoA.

These results are part of [5] and [10].

2. Preliminares on hyperplane arrangements

Let K be a field of characteristic zero. A finite set of affine hyperplanes A = {H1, . . . ,Hn}
in K l is called a hyperplane arrangement. For each hyperplane Hi we fix a defining
equation αi ∈ S = K[x1, . . . , xl] such that Hi = α−1i (0), and let Q(A) =

∏n
i=1 αi. An

arrangement A is called central if each Hi contains the origin of K l.

We denote by DerKl = {
∑l

i=1 fi∂xi | fi ∈ S} the S-module of polynomial vector fields

on K l (or S-derivations). Let δ =
∑l

i=1 fi∂xi ∈ DerKl . Then δ is said to be homogeneous
of polynomial degree d if f1, . . . , fl are homogeneous polynomials of degree d in S. In
this case, we write pdeg(δ) = d.
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A central arrangement A is said to be free with exponents (e1, . . . , el) if and only if the
module of vector fields logarithmic tangent to A, D(A) = {δ ∈ DerKl | δ(αi) ∈ 〈αi〉S,∀i},
is a free S-module and there exists a basis δ1, . . . , δl ∈ D(A) such that pdeg(δi) = ei, or

equivalently D(A) ∼=
⊕l

i=1 S(−ei).

3. New characterizations of free hyperplane arrangements

We firstly characterize freeness by looking at the generic initial ideal rgin(J(A)) of the
Jacobian ideal J(A) of A with respect to the term ordering degrevlex. In this setting, the
generic initial ideal of a polynomial ideal I with respect to a term ordering σ is the unique
monomial ideal J such that J = LTσ(g(I)), where g is a generic change of coordinates. For
the detailed definition and the basic properties of generic initial ideals, we refer to [7] and
[8].

Theorem 3.1. Let A = {H1, . . . ,Hn} be a central arrangement in K l. Then A is free if
and only if rgin(J(A)) is S or its minimal generators include xn−11 , some positive power of
x2, and no monomials in x3, . . . , xl. More precisely, if A is free, then rgin(J(A)) is S or it
is minimally generated by

xn−11 , xn−21 xλ12 , . . . , x
λn−1

2

with 1 ≤ λ1 < λ2 < · · · < λn−1 and λi+1 − λi = 1 or 2.

In the example at the end of the next section, we can see that the generic initial ideal
of the Jacobian ideal of the Braid arrangement involves only the first two variables, in fact
the Braid arrangement is free.

If we look at the resolution of the rgin(J(A)), we can not only see if A is free but also
compute its exponents.

Theorem 3.2. Let A = {H1, . . . ,Hn} be an essential and central arrangement in K l, with
l ≥ 2. If A is free with exponents (e1, . . . , el) then rgin(J(A)) has free resolution

0−→
n+el−2⊕
j=n−1

S(−j − 1)β1,j+1−→
n+el−2⊕
j=n−1

S(−j)β0,j−→rgin(J(A))−→0,

where β0,n−1 = β1,n+1 = l and β1,j+1 = β0,j = #{i | ei>j−n+1} for all j ≥ n. In
particular, β0,n−1 > β0,n ≥ · · · ≥ β0,n+el−2.

We now characterize freeness by looking at the sectional matrix of S/J(A). In this
setting, the sectional matrixMS/I of a polynomial ideal I encodes the Hilbert functions of
successive hyperplane sections of the quotient S/I. In particular,MS/I(i,−) is the Hilbert
function of the quotient S/(I + (L1, . . . , Ll−i)), where Lk are generic linear forms. For the
detailed definition and basic properties of sectional matrices, we refer to [6] and [4].

Theorem 3.3. Let A be a central arrangement and d0 = max{d | MS/J(A)(2, d) 6= 0}.
Then A is free if and only if MS/J(A) is the zero function or the following two conditions
hold

(1) MS/J(A)(3, d0) =MS/J(A)(3, d0+1) =MS/J(A)(3, d0 + 2),

(2) MS/J(A)(3, d0) =
∑d0

d=0MS/J(A)(2, d).
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In the example at the end of the next section, we can see that the sectional matrix of
the Jacobian ideal of the Braid arrangement satisfies both the conditions of the previous
theorem.

With the notation of the previous theorem, d0 coincides with min{d | xd+1
2 ∈ rgin(J(A))}.

Conjecture 3.4. Let A = {H1, . . . ,Hn} be a central arrangement in K l. If rgin(J(A)) has
a minimal generator T that involves the third variable of S, then deg(T ) ≥ d0 + 1.

If the previous conjecture is true, then the statement of Theorem 3.3 becomes easier, as
follows:

Corollary 3.5. Let A be a central arrangement. Then A is free if and only if MS/J(A) is
the zero function orMS/J(A)(3, d0) =MS/J(A)(3, d0+1) =MS/J(A)(3, d0 + 2).

4. Arrangement package for CoCoA

In order to test our theorems and play with examples, the second and third authors (see
[10]) wrote the package arrangements for the software CoCoA, see [1], [2] and [3]. This
package will be part of the official release CoCoA-5.2.4.

This package allows the user to easily define any hyperplane arrangement. Moreover,
several known families of arrangements are already implemented. For example, we can
construct the Braid arrangement in CoCoA as follows:

/**/ use S::=QQ[x,y,z];
/**/ A := ArrBraid(S,3);A;
[x-y, x-z, y-z]

With this package, we can compute several combinatorial invariants of hyperplane ar-
rangements. For example, we can construct the flats of the intersection lattice, the char-
acteristic and the Tutte polynomials, and the Betti numbers of the Braid arrangement in
CoCoA as follows:

/**/ ArrFlats(A);
[[ ideal (0)], [ideal(x-y), ideal(x-z), ideal(y-z)], [ideal(x-z,y-z)]]
/**/ ArrCharPoly(A);
t^3-3*t^2+2*t
/**/ ArrTuttePoly(A);
t[1]^2+t[1]+t[2]
/**/ ArrBettiNumbers(A);
[1, 3, 2]

We can also compute various algebraic invariants. For example, we can construct the
Orlik-Terao ideal of the Braid arrangement in CoCoA as follows:

/**/ OrlikTeraoIdeal(A);
ideal(y[1]*y[2]-y[1]*y[3]+y[2]*y[3])

Moreover, several functions for the class of free hyperplane arrangements are imple-
mented. In addition, this package allows also to do computations with multiarrangements.
We can check freeness, compute a Saito’s matrix, the exponents, the generic initial ideal
and the sectional matrix of the Braid arrangement in CoCoA as follows:

/**/ IsArrFree(A);
true
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/**/ ArrDerMod(A);
matrix( /* RingWithID (3, "QQ[x,y,z]")*/
[[1, 0, 0],
[1, x-y, 0],
[1, x-z, x*y-x*z-y*z+z^2]])

/**/ ArrExponents(A);
[0, 1, 2]
/**/ Q:= product(A);
/**/ GinJacobian(Q);
ideal(x^2, x*y, y^3)
/**/ PrintSectionalMatrix(S/ideal(GensJacobian(Q)));

0 1 2 3 4
- - - - -
1 1 0 0 0
1 2 1 0 0
1 3 4 4 4
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[7] A. Galligo. A propos du théoreme de préparation de Weierstrass. In Fonctions de plusieurs variables
complexes, pages 543–579. Springer, 1974.

[8] J. Herzog and T. Hibi. Monomial ideals. Springer, 2011.
[9] P. Orlik and H. Terao. Arrangements of hyperplanes, volume 300 of Grundlehren der Mathematischen

Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin, 1992.
[10] E. Palezzato and M. Torielli. Hyperplane arrangements in CoCoA. arXiv preprint arXiv:1805.02366,

2018.
[11] K. Saito. Theory of logarithmic differential forms and logarithmic vector fields. J. Fac. Sci. Univ. Tokyo

Sect. IA Math., 27(2):265–291, 1980.
[12] H. Terao. Arrangements of hyperplanes and their freeness I. J. Fac. Sci. Univ. Tokyo Sect. IA Math.,

27(2):293–312, 1980.

University of Genova, Department of Mathematics
E-mail address: bigatti@dima.unige.it

Hokkaido University, Department of Mathematics
E-mail address: palezzato@math.sci.hokudai.ac.jp

Hokkaido University, Department of Mathematics
E-mail address: torielli@math.sci.hokudai.ac.jp


	1. Introduction
	2. Preliminares on hyperplane arrangements
	3. New characterizations of free hyperplane arrangements
	4. Arrangement package for CoCoA
	References

