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Abstract. We propose randomized polynomial time algorithms for constructing quater-
nion algebras and symbol algebras with prescribed invariants. The key ingredient of these
algorithms is an effective function field version of Dirichlet’s theorem on arithmetic pro-
gressions. We apply our algorithms to compute primitive idempotents in central simple
Fq(t)-algebras given by structure constants.

Monografías de la Real Academia de Ciencias. Zaragoza. 43: 115–118, (2018).
ISSN: 1132-6360

Introduction

Dirichlet’s theorem states that there are infinitely many prime numbers in an arithmetic
progression, provided the first element and the difference are coprime. The analogous state-
ment is true for monic irreducible polynomials in Fq[t]. However, in the function field case
a much stronger theorem holds. One can give a good estimation (depending on the degree
of the difference of the arithmetic progression) on the number of irreducible polynomials in
a residue class ([9, Theorem 5.1.]):

Theorem 0.1. Let a,m ∈ Fq[t] be such that deg(m) > 0 and the gcd(a,m) = 1. Let N be
a positive integer and let

SN (a,m) = #{f ∈ Fq[t] monic irreducible | f ≡ a (mod m), deg(f) = N}.
Let M = deg(m) and let Φ(m) denote the number of polynomials in Fq[t] relative prime to
m whose degree is smaller than M. Then we have the following inequality:

|SN (a,m)− qN

Φ(m)N
| ≤ 1

N
(M + 1)q

N
2 .

Theorem 0.1 implies that choosing an irreducible polynomial from a residue class modulo
f (a monic irreducible polynomial) can be done in the following fashion. One chooses a
degree m which is sufficiently large (four times the degree of f suffices) and then a random
polynomial of the given residue class of degreem will be irreducible with high probability. In
[6] the authors use this fact to design an algorithm for finding nontrivial zeros of quadratic
forms over Fq(t) in four or more variables.

Here we use this method to construct quaternion and symbol division algebras with pre-
scribed invariants. In [1] the same task is addressed for general cyclic algebras (symbol
algebras are cyclic algebras where it is assumed that the ground field contains the nth roots
of unity). They propose a randomized polynomial time algorithm provided the Hasse in-
variant at infinity is zero. Our goal is to propose a randomized polynomial time algorithm
where the Hasse invariant at infinity is not necessarily zero (however, we assume that Fq

contains the nth roots of unity).
We apply our algorithms to solve the following problem. Let A be a cyclic algebra over

Fq(t). The task is to find a primitive idempotent in A. We note that if A ∼= Mn(Fq(t)), then
there exists a randomized polynomial time algorithm which finds a primitive idempotent
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in A [5]. This problem was motivated by coding theory. In [2] the authors propose a
new perspective on cyclicity concerning convolutional codes. They construct skew-cyclic
codes of designated Hamming distance and propose an efficient decoding algorithm [3].
Finding primitive idempotents in cyclic algebras can be applied to construct constacyclic
convolutional codes of designated Hamming distance.

1. Main results

Definition 1.1. Let K be a field such that char(K) 6= 2. Then a central simple algebra of
dimension 4 over K is called a quaternion algebra.

A quaternion algebra H always admits a K-basis 1, u, v, uv such that

u2 = a, v2 = b, uv + vu = 0

where a, b ∈ K∗. A quaternion algebra is either a division algebra or it is isomorphic to
M2(K).

Definition 1.2. Let H be a quaternion algebra over K. Let v be a place of K. We say that
H is split at the place v if H ⊗Kv is isomorphic to M2(Kv) (Kv denotes the completion of
K at v).

If K is a global field (i.e., a finite extension of Q or Fq(t)), then the isomorphism class of
the quaternion algebra is determined by the list of places at which it does not split. Note
that, due to Hilbert reciprocity, the number of places at which a quaternion algebra does
not split is always even (and is, in particular, finite).

Our first result is a randomized algorithm which constructs a quaternion algebra over
Fq(t), where q is odd, with prescribed splitting at given places:

Theorem 1.3. Assume that S is a finite (non-empty) set of places of Fq(t). Then there
exists a randomized polynomial time algorithm (polynomial in d and log q) which constructs
a quaternion division algebra H such that H ⊗ Fq(t)v is split if and only if v /∈ S if such a
quaternion algebra exists.

Remark 1.4. We sketch the key ingredients of the algorithm. We look for a quaternion
algebra with parameters (a, b), where

a = f1 · · · fks, b = f1 · · · fkλ,

where the fi are the finite places at which H does not split, λ is an element from Fq and
s is a suitable monic irreducible polynomial in Fq[t]. Thus the algorithm boils down to
finding a suitable s and λ. If H is in this form, then it splits at all finite places different
from the fi and s. The condition of splitting or not splitting at infinity can be achieved
by choosing λ and the degree parity of s in a suitable way. Not splitting at the places fi
invokes congruence conditions on s. This means that one needs an s whose degree parity
and residue modulo f1 · · · fk is fixed. This can be done by choosing a large enough degree
and picking a polynomial from the residue class at random. Theorem 0.1 implies that this
procedure is effective.
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Symbol algebras are generalizations of quaternion algebras for arbitrary degree n with the
extra assumption that the ground field K contains the nth roots of unity (note that this as-
sumption is also needed for quaternion algebras as we excluded ground fields of characteristic
2).

Definition 1.5. Let K be a field which contains the nth roots of unity. Let ε be a primitive
nth root of unity in K. Then a symbol algebra is an algebra generated by u, v which satisfies
the following conditions:

un = a, vn = b, uv = εvu.

Remark 1.6. Symbol algebras are a special case of cyclic algebras. Indeed, L = K(b
1
n )

is a cyclic extension which splits the algebra. Moreover, conjugation by u induces the
automorphism of L which sends b

1
n to εb

1
n .

We recall some facts about central simple algebras over local and global fields [7],[8].

Theorem 1.7. Let K be a local field (i.e., a complete field with respect to a discrete valuation
and finite residue field). Then a central simple algebra over K is Brauer equivalent to a cyclic
algebra (W |K, a, σ) where W is an unramified cyclic extension of K and σ is the lift of the
Frobenius map.

Definition 1.8. Let K be a local field with valuation v. Then the Hasse invariant of the
cyclic algebra A = (W |K, a, σ) is v(a)

n , where n is the degree of A.

Central simple algebras over local fields are completely characterized by their Hasse in-
variants. Central simple algebras over global fields are determined by their local Hasse
invariants. The Hasse invariant is zero at all but finitely many places and the sum of the
nonzero Hasse invariants is an integers. This can be summarized in the following exact
sequence:

Theorem 1.9. Let K be a global field. Let Br(K) denote the Brauer group of K. Then the
following sequence is exact:

0→ Br(K)→
⊕
v

Br(Kv)→ Q/Z→ 0.

As a generalization of Theorem 1.3 we propose an algorithm for constructing symbol
division algebras with prescribed Hasse invariants:

Theorem 1.10. Let Fq be a finite field which contains the nth roots of unity. Assume that
we are given a set of monic irreducible polynomials f1, . . . , fk (in Fq[t]) and a sequence of
rational numbers (in reduced form) r1

s1
, . . . , rksk ,

r∞
s∞

. Suppose that the sum of these rational
numbers is an integer. Assume that the least common multiple of the si is n . Then there
exists a randomized polynomial time algorithm which constructs a division Fq(t)-algebra of
degree n, whose local Hasse invariant at fi is equal to ri

si
, the local Hasse invariant at infinity

is equal to r∞
s∞

and the local Hasse invariant at every other place is 0.

Remark 1.11. We look for a and b in the form

a = s, b = f1 · · · fkgλ,
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where s and g are suitable irreducible polynomials and λ ∈ Fq. The Hasse invariant can
be computed easily as Fq(t)v(s

1
n ) is an unramified splitting field of the symbol algebra.

Thus again by choosing λ in a suitable fashion and choosing s from a suitable residue class
and of a suitable degree we have that the algebra has the prescribed invariants. The extra
polynomial g is only needed if the degree of f1 · · · fk is not coprime to n. In that case we
impose an extra condition on s modulo g.

Now we address the following problem. Let A be a central simple Fq(t)-algebra with a
basis b1, . . . , bn2 . Then one has that bibj =

∑n2

k=1 γijkbk, where γijk ∈ Fq(t). The γijk are
called structure constants. We consider our algebra to be given as a collection of structure
constants (i.e., we are given a multiplication table of its basis elements). We apply our
previous algorithms to compute a primitive idempotent in a central simple Fq(t)-algebra
given by structure constants.

Theorem 1.12. Let a central simple algebra A of degree n over Fq(t) be given by struc-
ture constants (where Fq contains the nth roots of unity). Then there exists a randomized
polynomial time algorithm which constructs a primitive idempotent in A.

Remark 1.13. First one computes the local Hasse invariants of A. The index of A is the least
common multiple of the denominators of the nonzero Hasse invariants. Denote by m the
index of A, Then we construct a symbol division algebra D with the same Hasse invariants.
Then A ⊗ M n

m
(D)op is isomorphic to a full matrix algebra over Fq(t). We construct an

explicit isomorphism between the full matrix algebra and A⊗M n
m

(D)op using the method
from [5]. Finally, from such an isomorphism we construct the desired primitive idempotent.

Theorem 1.12 can also be applied when our algebra is given as a cyclic algebra, as structure
constants can be computed in polynomial time from a cyclic algebra representation.
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