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Abstract. We present on-going work to compute lower bounds of distances between an
implicit algebraic surface, and a space algebraic curve. The main idea is to use the level
surfaces of the polynomial defining the surface: one computes the level surface of the
polynomial which first intersects the curve, and then the lower bound is computed as the
distance between such level surface, and the original surface. The idea is useful to find
lower bounds of distances in situations involving some simple surfaces which are, however,
widely used in Computer Aided Geometric Design, like ellipsoids, surfaces of revolution,
or cylindrical surfaces.
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Introduction

The computation of the distance between two objects in space has been addressed in
fields like Robotics, Computer Aided Geometric Design or Pattern Recognition, to quote
just a few. In Robotics or Computer Aided Geometric Design the problem is important in
order to detect collisions; in Pattern Recognition, it is related to the question of measuring
the closeness between two objects, in order to compare them. Sometimes, the distance used
is the usual Euclidean distance (see [4] and other references in this paper), while in other
situations it is the Hausdorff distance that is used (see [2, 5] and other references therein).

In our case, we consider the problem of computing the usual Euclidean distance, or rather
a lower bound of this distance, between an implicit algebraic surface and a space algebraic
curve. In order to compute the distance exactly, one might use Lagrange multipliers; in
turn, this leads to a polynomial system that can be solved, for instance, using Gröbner
bases. However, in practice this approach works only when the surface is really simple: it
works with quadrics, for instance, but the system can get too complicated even when we
move to tori.

Here we will explore an alternative, based on the notion of level surface, that allows to
compute a lower bound of the distance between the considered objects in certain cases.
Notice that in problems concerning collisions, for instance, having a lower bound of the
distance is still useful, since it allows us to certify that the objects are not colliding. At the
moment, the method works only for certain types of surfaces, namely ellipsoids, bounded
surfaces of revolution (which includes tori) and cylindrical surfaces; the extension to other
types of surfaces is currently on-going work.
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1. Main idea.

Let S be an algebraic surface implicitly defined by F (x, y, z) = 0, and let C be a space
algebraic curve. We will assume that C is defined by means of a rational parametrization
x(t) = (x(t), y(t), z(t)); nevertheless, the idea can be generalized to the case of implicit alge-
braic space curves as well, at the price of less efficiency. The minimum distance dmin(S, C),
or dmin for short, is defined as

dmin(S, C) = min{d(p1, p2)|p1 ∈ S, p2 ∈ C},

where d(p1, p2) represents the Euclidean distance between two points p1, p2 ∈ R3. Whenever
dmin 6= 0, this distance is achieved as the distance between two points p1 ∈ S and p2 ∈ C,
called the footpoints. Observe that dmin = 0 when S ∩C 6= ∅, but not only: if C approaches
S asymptotically, we have dmin = 0 as well.

Under the assumption that dmin 6= 0, our goal is not to find dmin itself, but a lower
nonzero bound d?, so that dmin ≥ d? > 0. The main idea of our approach is to use level
surfaces: the level surfaces of F (x, y, z) are the surfaces F (x, y, z) = k, for k ∈ R. Now
supposing that S and C are disjoint, one can always assume that C lies in the region of space
where F (x, y, z) > 0; indeed, otherwise it is enough to take −F , instead of F , as the implicit
equation of S. Then while F (x, y, z) = 0 and C do not have any point in common, there
must exist a minimum k > 0 such that F (x, y, z) = k and C do have at least one common
point, which is either a singular point of S or C, or a point where C and S are tangent.
Furthermore, the value of k can be computed as the smallest positive root of

(1) h(k) = Rest(G,Gt),

where G(t, k) = F (x(t), y(t), z(t)) − k. Calling d? to the distance between the surfaces
F (x, y, z) = 0 and F (x, y, z) = k, which are two level surfaces of the same polynomial (F ),
we have the following result.

Theorem 1.1. dmin ≥ d?.

Therefore, the lower bound d? is equal to the distance between two surfaces, namely
F (x, y, z) = 0 and its level surface F (x, y, z) = k. Whenever the distance between them
is not zero, such distance can be computed with the algorithm in [4]. However, in certain
cases, we can do much better; we address this in the next section.

Fig. 1 illustrates the above idea in a planar version of the problem, namely the com-
putation of the lower bound of the distance between two planar curves C1, C2, in this case
a lemniscate and a circle. Fig. 1 represents both C1, C2 in red color, jointly with several
level curves of the lemniscate, in blue color and black color; the footpoints p1,p2 are also
represented. The black level curve with dashed-dotted line corresponds to k; one can check
that it is tangent to the circle. The black level curve in solid line corresponds to the level
curve f1(x, y) = p2, where f1(x, y) represents the implicit equation of the lemniscate. The
minimum distance dmin is the length of the red segment, plotted in dashed line. The value
d? is the length of the blue segment, plotted in dashed line.
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Figure 1. A circle and a lemniscate.

2. Distance between the level surfaces of a same surface: some interesting
cases.

For certain surfaces, we can simplify the computation of d?, or even easily compute it.
The first type of surface where we can do this is ellipsoids; the following result can be proven
by using Lagrange multipliers.

Theorem 2.1. Let S be an ellipsoid whose implicit equation is F (x, y, z) = x2

a2
+ y2

b2
+ z2

c2
−1 =

0, and let α = min{a, b, c}. Then d? = α · (
√

1 + k− 1).

It is interesting to observe that one cannot produce a similar result for non-bounded
quadrics, other than elliptic or circular cylinders; the reason is that in the other cases,
F (x, y, z) = 0 and F (x, y, z) = k approach asymptotically, so that the distance between
them is zero even though they do not intersect. This is the space version of a phenomenon
already identified in the planar case (see [3]).

The second type of surface where we can simplify the computation of d?, is surfaces of
revolution. One can prove that if S is a surface of revolution about an axis A, the level
surfaces of S are also surfaces of revolution about the same axis. Based on this, one can
prove the following result.

Theorem 2.2. Let S be a surface of revolution defined by F (x, y, z) = 0, let Sk be the level
surface F (x, y, z) = k, and let A be the (common) axis of revolution of S and Sk. Then d?

is equal to the distance between the directrix curves D,Dk of S, Sk respectively, obtained by
intersecting S, Sk with a same plane Π containing A.

This way, we can reduce the problem from R3 to R2, which is less costly. In order to solve
the problem in R2, one can adapt the algorithm in [4]. Additionally, when S is a torus one
can prove the following result.

Corollary 2.3. Let S be the torus of equation F (x, y, z) = (x2 + y2 + z2 + R2 − r2)2 −
4R2(x2 + y2) = 0, with r < R. Then d? =

∣∣∣√√4R2r2 + k +R2 + r2 −R− r
∣∣∣.

The third type of surface where we can simplify the computation of d? is cylindrical
surfaces, where we can also reduce the problem from R3 to R2.
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Theorem 2.4. Let S be a cylindrical surface whose rulings are parallel to ~v, and let Sk be
the level surface of S corresponding to k. Then d? is the distance between the planar curves
C, Ck obtained by intersecting S, Sk with a plane Π normal to ~v.

Corollary 2.5. Let S be an elliptic cylinder, of equation x2

a2
+ y2

b2
= 1, and let α = min{a, b}.

Then d? = α · (
√

1 + k− 1).

The following table provides distances d and bounds d? for the distances between some
surfaces and curves; we also provide the timings t, t? for computing d,d?, and the maximum
degree of the parametrization of the curve, i.e. the maximum degree of the numerators
and denominators of the components. In all the cases, t? < t; furthermore, in the case of
the torus we fail to compute the exact distance (computation time exceeded 300 seconds).
Additionally, the parametrizations used for the curves are dense polynomials, randomly
generated. The computations have been carried out with Maple 18.

Surface degree(C) d? t? d t
(S1, C1) ellipsoid 10 3.670 0.171 5.040 0.562
(S2, C1) elliptic cylinder 10 3.640 0.156 4.204 0.312
(S1, C2) ellipsoid 25 1.125 0.453 1.231 1.170
(S2, C2) elliptic cylinder 25 0.179 1.170 0.200 1.560
(S6, C4) torus 15 5.644 2.028 ? > 300

Some last observations:
• With some technicalities, Theorem 2.1 and Corollary 2.5 can be generalized to el-
lipsoids and cylinders in generic position by making use of the matrix defining the
quadric in each case. Similarly, Corollary 2.3 can be generalized to tori in generic
position whenever the axis of revolution is computed [1].
• The method can be generalized to the implicit case, using Gröbner bases instead of
resultants.
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