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Abstract. In this paper we use the technique of effective homology to compute spectral
systems, a generalization of classical spectral sequences which are defined for filtrations
indexed over any partially ordered set (poset). In particular, we focus our study on the
Serre spectral system associated with a tower of fibrations, showing some considerations
on the different levels of this spectral system and computing some results by means of a
new module for the Kenzo computer algebra system.
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Introduction

The notion of spectral sequence has been recently generalized by Benjamin Matschke
[Mat13] to a much broader perspective. The most innovative aspect of his remarkable
construction is that it applies to filtrations of chain complexes indexed over any partially
ordered set (poset), rather than being limited to filtrations indexed over the set Z of integer
numbers as for classical spectral sequences. The collection of groups produced by his gener-
alized construction, which he calls a spectral system, is larger than in the classical scenario,
as more parameters are taken into account. In addition to giving a formal definition and
some general results about spectral systems, the paper [Mat13] includes several interesting
particular cases which generalize the classical spectral sequences of Serre, Eilenberg-Moore
and Adams-Novikov. However, as in the case of spectral sequences associated with a linear
filtration, no algorithm is provided computing the different components when the initial
spaces are not of finite type.

In this work we present a study of spectral systems, using the technique of effective
homology [RS02] to produce algorithms and programs for computing spectral systems of
chain complexes of infinite type. In particular we focus on the Serre spectral system of a
tower of fibrations, an interesting example of spectral system associated with a filtration
over D(Zm), the poset of downsets of Zm.

1. Spectral systems over a poset

The following definitions can be found in [Mat13].

Definition 1.1. A filtration of a chain complex C∗ over a poset (I,≤), briefly called an
I-filtration, is a collection of subcomplexes F = (FiC∗)i∈I such that

i ≤ j in I =⇒ FiC∗ ⊆ FjC∗.
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We will denote the chain subcomplexes simply as Fi, forgetting about the grading of homol-
ogy, when we are only interested in the filtration index i.

Definition 1.2. Let (C∗, F ) be an I-filtered chain complex. Given a 4-tuple of indices
z ≤ s ≤ p ≤ b in I we define

(1) S[z, s, p, b] =
Fp ∩ d−1(Fz)

d(Fb) + Fs
,

where by convention the quotient A/B of abelian groups on the right member denotes the
quotient A/(B∩A). We call the collection (S[z, s, p, b])z≤s≤p≤b the spectral system associated
with the I-filtration F = (Fi)i∈I of C∗, and we call each abelian group S[z, s, p, b] a term of
the spectral system.

This definition generalizes that of a spectral sequence associated with a linear filtration
(see for example [Mac63]). Moreover, as in the classical scenario, a notion of page of a
spectral system can be defined (based on the choice of the 4-tuples of indices z, s, p, b),
as well as differential maps which allow to obtain the next page of a given one by taking
homology (see [Mat13] for details).

Although some interesting examples of generalized spectral sequences associated with
interesting objects are defined (for example, the generalized Serre spectral system explained
in Section 3), all the definitions in [Mat13] are formal and the paper does not include a
method for computing the spectral systems. In particular, the formula (1) can only be
determined in some simple situations (when the chain complex C∗ is of finite type).

2. Effective homology for computing spectral systems

In order compute spectral systems, in a previous work [GR18] we used the method of
effective homology [RS02] to produce algorithms computing spectral systems of complicated
filtered chain complexes, even when they are of infinite type. Our programs were imple-
mented in the system Kenzo [DRSS99], and work in a similar way to the method that this
symbolic computation system uses to determine homology groups of a given chain com-
plex: if an I-filtered complex C∗ is of finite type, its spectral system can be determined
by means of diagonalization algorithms on some matrices. Otherwise, a pair of reductions
C∗⇐⇐ Ĉ∗⇒⇒D∗ from the initial chain complex C∗ to another one D∗ of finite type (also
filtered over I) is constructed. The chain complex D∗ is called effective.

A reduction ρ : C∗⇒⇒D∗ between two chain complexes C∗ and D∗ is given by a triple
ρ = (f, g, h) where f : C∗ → D∗ and g : D∗ → C∗ are chain complex morphisms and h is a
homotopy operator h : C∗ → C∗+1 satisfying some additional relations which ensure that the
homology groups of C∗ and D∗ are canonically isomorphic (see [RS02] for details). Moreover,
if the chain complexes C∗ and D∗ are endowed with I-filtrations F and F ′ respectively, we
have proved that, under some good conditions of the reduction ρ, (some of the terms) of the
spectral systems of (C∗, F ) and (D∗, F

′) are isomorphic, so that we can compute the spectral
system of the big chain complex C∗ by using that of the small (finite type) chain complex D∗.
More concretely, the following result expresses the conditions that are necessary to ensure
that the spectral systems of the I-filtered chain complexes C∗ and D∗ are isomorphic and
are used by our programs to compute the spectral system associated with chain complexes
of infinite type.
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Theorem 2.1. Let ρ = (f, g, h) : C∗⇒⇒D∗ be a reduction between the I-filtered chain
complexes (C∗, F ) and (D∗, F

′), and suppose that f and g are compatible with the filtrations,
that is, for all indices i ∈ I one has f(Fi) ⊆ F ′i and g(F ′i ) ⊆ Fi. Then, given four indices
z ≤ s ≤ p ≤ b in I, the map f induces an isomorphism between the spectral system terms:

fz,s,p,b : S[z, s, p, b]→ S′[z, s, p, b]

whenever the homotopy h : C∗ → C∗+1 satisfies the conditions h(Fz) ⊆ Fs and h(Fp) ⊆ Fb.

3. Serre spectral system

One of the motivating examples of Matschke’s work [Mat13] are towers of fibrations, that
is, sequences of fibrations such that the total space of each is the base of the next one:

(2)

G0 E0

· · · · · ·

Gm−1 Em−1

B

In this situation, as the usual goal of computation is the homologyH(E0) of the total space
of the upper fibration, one typically applies several times the Serre spectral sequence [Ser51],
assuming that the homology of G0, . . . , Gm−1 and B is known. Leaving aside extension
problems, one can think to determine H(Em−1) from H(B) and H(Gm−1) via a first Serre
spectral sequence, using then a second Serre spectral sequence to try to determine H(Em−2)
fromH(Em−1) andH(Gm−2) and so on. A suitably defined spectral system (in this case over
the poset of downsets of Zm, denoted D(Zm)) represents a unified framework “containing”
these spectral sequences and offering a larger number of connections to the limit H(E0).
Moreover, the 2-page of the spectral system is defined by a formula which generalizes that
of Serre’s spectral sequence for a fibration.

Theorem 3.1. [Mat13] Consider a tower of m fibrations. There exists an associated spectral
system over D(Zm) with 2-page

Hpm(B;Hpm−1(Gm−1; . . . Hp1(G1;Hp0(G0)))),

with P = (p1, . . . , pm) ∈ Zm and p0 = n − p1 − · · · − pm, which under suitable conditions
converges to Hn(E0).

As in the classical case, this formula provides a description of the initial page of the
generalized spectral sequence but the next terms S[z, s, p, b] can only be determined in some
simple cases. However, we can now try to use the effective homology of the space E0 (which
is built automatically by Kenzo when the spaces G0, . . . , Gm−1 and B are objects with
effective homology) in order to determine the spectral system of the tower of fibrations by
means of a spectral system associated with a chain complex of finite type.

Our study has begun with towers of fibrations without twist, that is, such that the space
E0 can be expressed as a cartesian product E0

∼= G0 × · · · × Gm−1 × B. In this case
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we have proved that generalized filtrations can be defined on E0 and its associated chain
complexes D∗ and Ĉ∗ obtained automatically by Kenzo such that the pair of reductions
C∗(E0)⇐⇐ Ĉ∗⇒⇒D∗ satisfy the hypotheses of Theorem 2.1 for terms S[z, s, p, b] after level 2.
In this way, we can compute the Serre spectral system of E0 by using that of the effective
chain complex D∗.

The case of towers of fibrations with twisting operators is more difficult because of the
need of non-trivial generalizations of the involved filtrations. As a theme for further work,
we are interested in trying to define suitable filtrations, in order to extend our method for
computing the Serre spectral system to the twisted case.

4. Examples and computations

As an example of computation in the non-twisted case, we show the results of our programs
for the Serre spectral system of the cartesian product K(Z2, 2)×K(Z2, 3)×K(Z, 4). Since
it is a simplicial set of infinite type and therefore its spectral system cannot be directly
determined, effective homology is used.
> (setf kz22 (k-z2 2) kz23 (k-z2 3) kz4 (k-z 4))
[K73 Abelian-Simplicial-Group]
> (setf K (crts-prdc (crts-prdc kz22 kz23) kz4))
[K90 Simplicial-Set]
> (setf Kf (change-chcm-to-gflcc K (dz2) crpr3-gflin ’crpr3-gflin))
[K97 Generalized-Filtered-Chain-Complex]
> (e2-gspsq-group K 4 0 4)
Generalized spectral sequence S[((0 2) (1 1) (2 0) (3 -1) (5 -2)),((0 3) (1 2)

(2 1) (3 0) (5 -1)),((0 3) (1 2) (2 1) (4 0)),((0 4) (1 3) (2 2) (4 1) (5 0))]_{4}
Component Z/4Z
> (e2-gspsq-group K 0 5 5)
Generalized spectral sequence S[((1 3) (2 2) (3 1) (4 0)),((1 4) (2 3) (3 2)

(4 1) (5 0)),((0 5) (1 4) (2 3) (3 2) (4 1) (5 0)),((0 6) (1 5) (2 4) (3 3) (4 2)
(5 1) (6 0))]_{5}

Component Z/2Z
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