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Abstract. In this work we give lower bounds for the representation of real univariate
polynomials as sums of powers of degree 1 polynomials. We present two families of polyno-
mials of degree d such that the number of powers that are required in such a representation
must be at least of order d. This is clearly optimal up to a constant factor. Previous lower
bounds for this problem were only of order Ω(

√
d), and were obtained from arguments

based on Wronskian determinants and "shifted derivatives". We obtain this improvement
thanks to a new lower bound method based on Birkhoff interpolation.
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In this paper we obtain lower bounds for the representation of a univariate polynomial
f ∈ R[x] of degree d under the form:

(1) f(x) =
l∑

i=1

βi(x+ yi)
ei

where the βi, yi are real constants and the exponents ei nonnegative integers.
We give two families of polynomials such that the number l of terms required in such a

representation must be at least of order d. This is clearly optimal up to a constant factor.
Previous lower bounds for this problem [6] were only of order Ω(

√
d). The polynomials

in our first family are of the form H1(x) =
∑k

i=1 αi(x + xi)
d with all αi nonzero and the

xi’s distinct. We show that they require at least l ≥ k terms whenever k ≤ (d + 2)/4. In
particular, for k = (d+2)/4 we obtain l = k = (d+2)/4 as a lower bound. The polynomials
in our second family are of the form H2(x) = (x + 1)d+1 − xd+1 and we show that they
require more than (d− 1)/2 terms. This improves the lower bound for H1 by a factor of 2,
but this second lower bound applies only when the exponents ei are required to be bounded
by d (obviously, if larger exponents are allowed we only need two terms to represent H2). It
is easily shown that every polynomial of degree d can be represented with d(d+1)/2e terms.
This implies that of all polynomials of degree d, H2 is essentially the hardest one.

Our lower bound results are specific to polynomials with real coefficients. It would be
interesting to obtain similar lower bounds for other fields, e.g., finite fields or the field of
complex numbers.

Motivation and connection to previous work. Lower bounds for the representation of
univariate polynomials as sums of powers of low degree polynomials were recently obtained
in [6]. We continue this line of work by focusing on powers of degree one polynomials. This
problem is still challenging because the exponents ei may be different from d = deg(f), and
may be possibly larger than d. The lower bounds obtained in [6] are of order Ω(

√
d). We

obtain Ω(d) lower bounds with a new method based on polynomial interpolation.
The work in [6] and in the present paper is motivated by recent progress in arithmetic

circuit complexity. It was shown that strong enough lower bounds for circuits of depth
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four or even depth three [1, 8] would yield a separation of Valiant’s [9] algebraic complexity
classes VP and VNP. Moreover, lower bounds for such circuits were obtained thanks to the
introduction by Neeraj Kayal of the method of shifted partial derivatives, see e.g. [5]. Some
of these lower bounds seem to come close to separating VP from VNP. Nevertheless, this
method cannot prove more than a 1.5m2 lower bound on the determinantal complexity of
them×m permanent [4]. It is therefore desirable to develop new lower bounds methods. We
view the models studied in [6] and in the present paper as "test beds" for the development
of such methods in a fairly simple setting.

Birkhoff interpolation. As mentioned above, our results are based on polynomial interpo-
lation and more precisely on Birkhoff interpolation (also known as “lacunary interpolation”).
In a typical Birkhoff interpolation problem, one may have to find a polynomial g of degree
at most 5 satisfying the 4 constraints: g(0) = 0, g′(1) = 0, g(2) = g′′(2) = 0. Our interest is
in the existence of a nonzero polynomial of degree at most d satisfying the constraints, and
more generally in the dimension of the solution space. In fact, we need to know whether
it has the dimension that one would expect by naively counting the number of constraints.
This is a nontrivial problem and a rich theory was developed to address it [7]. Results of
the real (as opposed to complex) theory of Birkhoff interpolation turn out to be very well
suited to our lower bound problems. This is the reason why we work with real polynomials.

The Waring problem. Any homogeneous (multivariate) polynomial can be written as
a sum of powers of linear forms. In the Waring problem for polynomials one attempts to
determine the Waring rank, the smallest possible number of powers in such a representation.
Obtaining lower bounds from results in polynomial interpolation seems to be a new method
in complexity theory, but it may not come as a surprise to experts on the Waring problem.
Indeed, a major result in this area, the Alexander-Hirschowitz theorem ([2]), is usually stated
as a result on polynomial interpolation. We expect that more connections between lower
bounds in algebraic complexity and polynomial interpolation will be uncovered.

1. From linear independence to polynomial interpolation

There is a clear connection between lower bounds for representations of polynomials under
form (1) and linear independence. Indeed, proving a lower bound for a polynomial f amounts
to showing that f is linearly independent from (x + y1)

e1 , . . . , (x + yl)
el for some l and for

any sequence of l pairs (y1, e1), . . . , (yl, el). This motivates our study.
Let Rd[x] denote the linear subspace of R[x] made of polynomials of degree at most d,

and by g(k) th k-th order derivative of a polynomial g.

Proposition 1.1. Let f1, . . . , fk ∈ Rd[x] be k distinct polynomials of the form fi(x) =
(x+ ai)

ei . The family (fi)1≤i≤k is linearly independent if and only if

dim{g ∈ Rd[x]; g(d−ei)(ai) = 0 for all i} = d+ 1− k.

2. Interpolation matrices

In Birkhoff interpolation we look for a polynomial g ∈ Rd[x] satisfying a system of equa-
tions of the form

(2) g(k)(xi) = ci,k, where xi, ci,k ∈ R and k ≤ d.
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We set ei,k = 1 if such an equation appears, and ei,k = 0 otherwise. We arrange this
combinatorial data in an interpolation matrix E = (ei,k)1≤i≤m,0≤k≤d of size m× (d+ 1). We
assume that the knots x1, . . . , xm are distinct. It is usually assumed [7] that the number of
1’s in E, denoted by |E| is equal to d+ 1. Here we will only assume that |E| ≤ d+ 1.

Let X = {x1, . . . , xm} be the set of knots. When |E| = d + 1, the pair (E,X) is said
to be regular if (2) has a unique solution for any choice of the ci,k. Finding necessary or
sufficient conditions for regularity has been a major topic in Birkhoff interpolation [7]. For
|E| ≤ d+ 1, we may expect (2) to have a set of solutions of dimension d+ 1− |E|.

Definition 2.1. The pair (E,X) is regular if for any choice of the ci,k the set of solutions
of (2) is an affine subspace of dimension d+ 1− |E|. The interpolation matrix E is regular
if (E,X) is regular for any choice of m knots x1, . . . , xm.

We will give in Theorem 2.2 a sufficient condition for regularity, but we first need some
additional definitions. Say that an interpolation matrix E satisfies the Pólya condition if for
r = 1, . . . , d+ 1 there are at most r 1’s in the last r columns of E.

Consider a row of an interpolation matrix E. By sequence we mean a maximal sequence
of consecutive 1’s in this row. A sequence containing an odd number of 1’s is naturally
called an odd sequence.

The following result is a particular case of an important result due to Atkinson and
Sharma [3].

Theorem 2.2. Let E be an interpolation matrix with |E| = d+ 1. If E satisfies the Pólya
condition and all odd sequences begin in the first column, then E is regular.

We use this result to prove the main result of this section.

Theorem 2.3. Let E be an interpolation matrix. We denote by Nr the number of 1’s in the
last r columns of E. If N1 ≤ 1 and Nr +Nr−1 ≤ r for r = 2, . . . , d+ 1 then E is regular.

Putting together Proposition 1.1 and Theorem 2.3, we get a result on the linear indepen-
dence of polynomials which may be of independent interest.

Theorem 2.4. Let f1, . . . , fk ∈ R[x] be k distinct polynomials of the form fi(x) = (x+ai)
ei .

Let us denote by nj the number of polynomials of degree less than j in this family.
If n1 ≤ 1 and nj + nj−1 ≤ j for all j, the family (fi) is linearly independent.

3. Lower bounds

In this section we apply the previous results to derive the desired lower bounds.

Theorem 3.1 (First lower bound). Consider a polynomial of the form

(3) H1(x) =
k∑

i=1

αi(x+ xi)
d

where the xi are distinct real constants, the αi are nonzero real constants, and k ≤ (d+2)/4.
If H1 is written as H1(x) =

∑l
i=1 βi(x+ yi)

ei , then we must have l ≥ k.

In other words, writing H1 under form (3) is optimal when k ≤ (d+2)/4. We give another
lower bound of order d (with an improved constant) for a polynomial of a different form.
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Theorem 3.2 (Second lower bound). Let H2 ∈ Rd[x] be the polynomial H2(x) = (x +

1)d+1 − xd+1. If H2 is written under the form H2(x) =
∑l

i=1 βi(x + yi)
ei , with ei ≤ d for

every i then we must have l > (d− 1)/2.

This result shows that allowing exponents ei > d can drastically decrease the “complexity”
of a polynomial since H2 can be expressed as the difference of only two (d+ 1)-st powers.

4. Lower bounds over the complex numbers

Some of the proof techniques and the results of this work are specific to the field of real
numbers. This is due to the fact that certain linear dependence relations which cannot occur
over R may occur over C. We begin with an identity over the complex.

Proposition 4.1. Take k ∈ Z+ and let ξ be a k-th primitive root of unity. Then, for all
d ∈ Z+ and all µ ∈ C the following equality holds:

k∑
j=1

ξj(x+ ξjµ)d =
∑

i≡−1 (mod k)
0≤i≤d

k

(
d

i

)
µixd−i.

As a consequence of this identity, one can prove that no better lower bound than Ω(
√
d)

can possibly hold over C for the family of polynomials of Theorem 3.1, at least for arbitrary
distinct xi’s and arbitrary nonzero αi. We leave it as an open problem to close this quadratic
gap between lower bounds over R and C. With the additional requirements ei ≤ d for all i,
the polynomial H2(x) = (x+1)d+1−xd+1 from Theorem 3.2 looks like a plausible candidate.
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