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Abstract. We look for minimal solutions of the rational interpolation problem y(j)(xi) =
yi,j in terms of two different degrees. The space of rational functions y = a

b
interpolating a

given set of points can be parameterized keeping track the degrees δ(y) = max{deg a,deg b}
and κ(y) = deg a + deg b. In both cases the minimal solutions, the rational interpolating
functions with smallest degree, can be expressed in terms of the Euclidean algorithm. We
review these results and prove those related with the δ degree in the framework of syzygies.
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Introduction

Let K be a field of characteristic zero, l, n1, . . . , nl positive integers, n := n1 + · · · + nl,
and a set of n pairs of elements of K

(1) (xi, yi,j), for i = 1, . . . l, j = 0, . . . ni − 1

with the xi’s distinct.

An interpolating rational function of this data is a rational function y(x) satisfying

(2) y(j)(xi) = yi,j , i = 1, . . . l, j = 0, . . . ni − 1.

The rational interpolation problem is to find all the interpolating rational functions of a
given data. We will refer to the case without multiplicities (that is, the case ni = 1) as the
“classical rational interpolation problem”.

The degree of a rational function y(x) = a(x)
b(x) , with a(x), b(x) polynomials in K[x], can be

defined, among others, as

δ(y) = max{deg a(x),deg b(x)}, and
κ(y) = deg a(x) + deg b(x).

Fixed a rational function degree, we say that m is an admissible degree if there exists
an interpolating function of degree m. A natural question to ask is which numbers are
admissible, in particular to characterize the smallest of them, and fixed an admissible in-
teger to parametrize all the corresponding rational functions. These questions are solved
in [AntAn86] for δ and, in [Ant88] for κ. The main tool in the first mentioned paper is
a divided-differences matrix whereas in the second is the Euclidean algorithm. Later, in
[ABKW90] the solutions of the classical rational interpolation problem are given as the ker-
nel of a matrix encoding the data of the problem. In [Ra97] this matrix is homogenized and
then, the numerical invariants of minimal free resolutions can be used to tackle the problem.
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Let us denote by g(x) the Hermite polynomial of (1); that is, the unique interpolating
polynomial of the data of degree less than n, and m(x) = (x− x1)n1 · · · (x− xl)nl .

We use the framework of syzygies and the δ degree to give a minimal basis of the set
of pairs of polynomials (a(x), b(x)) verifying the interpolating conditions. We show how
the Euclidean algorithm for m(x) and g(x) gives such a minimal basis. This algorithm
also allows to parameterize all rational interpolating functions following the κ degree. The
Hermite rational interpolation problem consists in deciding if there exist, and if so compute,
polynomials a(x), b(x) of degrees bounded by a (0 ≤ a < n) and n − a − 1 such that a(x)

b(x)

interpolates the data. We treat this problem making use of the results for the κ degree.

1. The degree δ

Any interpolating function y(x) = a(x)
b(x) satisfies

(3) (a(x)− b(x)g(x))(j)(xi) = 0, i = 1, . . . l, j = 0, . . . ni − 1;

equivalently, there exists a polynomial c(x) such that

(4) a(x) = b(x)g(x) + c(x)m(x).

We will refer, indistinctly, to (3) or (4) as the weak interpolation conditions.

In fact, a rational fraction y(x) = a(x)
b(x) is an interpolating function if and only if the pair

(a(x), b(x)) satisfies the weak interpolation conditions and b(xi) 6= 0, for i = 1, . . . , l.

We observe that(a(x), b(x), c(x)) ∈ K[x]3 is an element of the kernel of the morphism of
K[x]-modules ϕ : K[x]3 −→ K[x] with associated matrix, in the canonical basis, given by(

1 −g(x) −m(x)
)
,

and that the set Y = {(a(x), b(x)) such that a(x)− b(x)g(x) ∈ m(x)K[x]} of pairs of poly-
nomials which satisfy the weak interpolating conditions, is a free K[x]-module of rank 2.

Homogenizing the above situation in K[x, z] one obtains a homogeneous morphism
φ : K[x, z](−n)3 −→ K[x, z] given by the matrix(

zn −g(x, z) −m(x, z)
)
,

and a minimal free resolution of K[x, z]/Coker(φ)

0 −→ K[x, z](−n− δ1)⊕K[x, z](−n− δ2) −→ K[x, z](−n)3 −→ K[x, z]

with δ1 + δ2 = n and δ1 ≤ δ2.

Definition 1.1. We say that a basis (a1(x), b1(x)), (a2(x), b2(x)) of Y is a minimal basis if
δ(a1(x)a1(x)

) = max{deg a1(x), deg b1(x)}) = δ1 and δ(a2(x)a2(x)
) = max{deg a2(x),deg b2(x)} = δ2.

The following is our main theorem (see [AntAn86, Theorem 2.11]).
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Theorem 1.2. Let (a1(x), b1(x)), (a2(x), b2(x)) be a minimal basis of Y . The rational
function y(x) is an interpolating function if, and only if, there exist polynomials p(x) and
q(x) such that

y(x) =
p(x)a1(x) + q(x)a2(x)

p(x)b1(x) + q(x)b2(x)

and p(xi)b1(xi) + q(xi)b2(xi) 6= 0 for i = 1, . . . , l.
If a1(x) and b1(x) are coprime, and δ1 < δ2, then there is a unique interpolating function

ymin(x) of minimal degree

ymin(x) =
a1(x)

b1(x)
.

Otherwise, if either a1(x) and a2(x) are not coprime, or δ1 = δ2, then there is a family
of interpolating functions of minimal degree which can be parametrized as

ymin(x) =
a2(x) + p(x)a1(x)

b2(x) + p(x)b1(x)
,

where deg p(x) = δ2 − δ1, and b2(xi) + p(xi)b1(xi) 6= 0, i = 1, . . . , l.

As a corollary the minimal admissible degree is δ1 or δ2 and any degree above δ2 is
admissible.

Put r0 = m(x), r1 = g(x). Following the Euclidean algorithm, there exists a positive
integer N and unique nonzero polynomials such that

ri = qi+1ri+1 + ri+2, i = 0, . . . , N − 1, rN+1 = 0

and deg ri > deg ri+1, i = 1, . . . N .
Using the quotients one defines recursively two sequences of polynomials si, ti, for

i = 0, . . . , N + 1, satisfying ri = r1si + r0ti, i = 0, . . . N + 1. For each i the pair (ri, si),
(ri+1, si+1) is a basis of Y an there exists an index for which the pair is a minimal basis.

Example 1.3. In the generic case; that is, if the quotients in the Euclidean algorithm have
degree one, then N = n, deg ri = n− i for i = 1, . . . , n and deg si = i− 1 for i = 2, . . . n.

(a) If n = 2k then (rk, sk), (rk+1, sk+1) is a minimal basis and the minimal degree is k.
(b) If n = 2k + 1 then (rk, sk), (rk+1, sk+1) and (rk+1, sk+1), (rk+2, sk+2) are minimal

basis and the minimal degree is k or k + 1.

2. The degree κ

With the notations introduced in the above sections, the two following results are obtained
in [Ant88, Theorem 3.2 and Corrollary 3.5].

Theorem 2.1. For every rational function y(x) there exists a unique set of polynomial
m0(x), . . . ,mN+1(x) such that

y(x) =

∑N+1
i=0 mi(x)ri(x)∑N+1
i=0 mi(x)si(x)

, with degmi(x) < deg qi(x) for i = 1, . . . , N

and
∑N+1

i=0 mi(xj)si(xj) 6= 0 for j = 1, . . . l.

Corollary 2.2. Put µi = deg(qi(x)).
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(1) The admissible κ < n are in the set {n − µ1, . . . , n − µN}. Moreover, n − µi is
admissible iff si(xj) 6= 0 for j = 1, . . . , l; in this case κ( risi ) = n − µi. The minimal
degree is n− µmax where µmax = maxi(µi with si(xj) 6= 0 for j = 1, . . . , l).

(2) n is admissible. The interpolating rational functions of degree n can be parametrized
as ri+mri+1

si+msi+1
, with m constant such that si(xj) + msi+1(xj) 6= 0 for j = 1, . . . , l,

i = 0, . . . , N . All integers greater than n are admissible.
(3) n− 1 is admissible (that is the Cauchy interpolation problem is solvable) if and only

if µi = 1 for some i = 1, . . . , N provided that si(xj) 6= 0 for j = 1, . . . , l.

Example 2.3. In the generic case the minimal degree is n− 1, g(x) is a minimal solution,
ri
si
, for i = 1, . . . , n, have degree n− 1 and are minimal solutions if ri and si are coprime.

Let 0 ≤ a ≤ n− 1. We obtain the solution of the rational Hermite interpolation problem
for a (see [CDM18, Theorem 2.6] and [vzGG13, Exercise 5.42]) as a consequence of the
theorem 2.1.

Corollary 2.4. Let 1 ≤ k ≤ N such that

deg(rk(x)) = n− (µ1 + · · ·+ µk) ≤ a < deg(rk−1(x)) = n− (µ1 + · · ·+ µk−1).

Any solution of the Hermite interpolation problem for the integer a is m(x)rk(x)
m(x)sk(x)

for some
m(x). The problem has solution if and only if rk(x) and sk(x) are coprimes.
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