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Abstract. Let G be a bipartite graph and I = I(G) be its edge ideal. The aim of this
note is to investigate different aspects of the Rees algebra R(I) of I. We compute its
regularity and the universal Gröbner basis of its defining equations; interestingly, both of
them are described in terms of the combinatorics of G.

We apply these ideas to study the regularity of the powers of I. For any s ≥ match(G)+
|E(G)|+1 we prove that reg(Is+1) = reg(Is)+2 and that for an s ≥ 1 we have the inequality
reg(Is) ≤ 2s+match(G)− 1.
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Let G = (V (G), E(G)) be a bipartite graph on the vertex set V (G) = X ∪ Y with
bipartition X = {x1, . . . , xn} and Y = {y1, . . . , ym}. Let K be a field and let R be the
polynomial ring R = K[x1, . . . , xn, y1, . . . , ym]. The edge ideal I = I(G), associated to G, is
the ideal of R generated by the set of monomials xiyj such that xi is adjacent to yj .

One can find a vast literature on the Rees algebra of edge ideals of bipartite graphs (see
see [28], [22], [11], [26], [25], [27], [10]), nevertheless, in this note we study several properties
that might have been overlooked. From a computational point of view we first focus on the
universal Gröbner basis of its defining equations, and from a more algebraic standpoint we
focus on its total and partial regularities as a bigraded algebra. Applying these ideas, we
give an estimation of when reg(Is) starts to be a linear function and we find upper bounds
for the regularity of the powers of I.

Let R(I) =
⊕∞

i=0 I
iti ⊂ R[t] be the Rees algebra of the edge ideal I. Let f1, . . . , fq be

the square free monomials of degree two generating I. We can see R(I) as a quotient of the
polynomial ring S = R[T1, . . . , Tq] via the map

S = K[x1, . . . , xn, y1 . . . , ym, T1, . . . , Tq]
ψ−→ R(I) ⊂ R[t],

ψ(xi) = xi, ψ(yi) = yi, ψ(Ti) = fit.
(1)

Then the presentation of R(I) is given by S/K where K = Ker(ψ). We give a bigraded
structure to S = K[x1, . . . , xn, y1, . . . , ym] ⊗K K[T1, . . . , Tq], where bideg(xi) = bideg(yi) =
(1, 0) and bideg(Ti) = (0, 1). The map ψ from (1) becomes bihomogeneous when we declare
bideg(t) = (−2, 1), then we have that S/K and K have natural bigraded structures as
S-modules.

The universal Gröbner basis of the ideal K is defined as the union of all the reduced
Gröbner bases G< of the ideal K as < runs over all possible monomial orders (see [23]). In
our first main result we compute the universal Gröbner basis of the defining equations K of
the Rees algebra R(I).
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Theorem 1. Let G be a bipartite graph and K be the defining equations of the Rees algebra
R(I(G)). The universal Gröbner basis U of K is given by

U = {Tw | w is an even cycle}
∪ {v0Tw+ − vaTw− | w = (v0, . . . , va) is an even path}
∪ {u0uaT(w1,w2)+ − v0vbT(w1,w2)− | w1 = (u0, . . . , ua) and

w2 = (v0, . . . , vb) are disjoint odd paths}.

From [25, Theorem 3.1, Proposition 3.1] we have a precise description of K given by
syzygies of I and the set even of closed walks in the graph G. The algebra R(I), as a
bigraded S-module, has a minimal bigraded free resolution

(2) 0 −→ Fp −→ · · · −→ F1 −→ F0 −→ R(I) −→ 0,

where Fi = ⊕jS(−aij ,−bij). In the same way as in [19], we can define the xy-regularity of
R(I) by the integer

regxy(R(I)) = max
i,j
{aij − i},

or equivalently by

regxy(R(I)) = max{a ∈ Z | βSi,(a+i,b)(R(I)) 6= 0 for some i, b ∈ Z},

where βSi,(a,b)(R(I)) = dimK(TorSi (R(I),K)(a,b)).
Similarly, we can define the T -regularity

regT (R(I)) = max
i,j
{bij − i}

and the total regularity
reg(R(I)) = max

i,j
{aij + bij − i}.

Our second main result is computing the total regularity and giving upper bounds for
both partial regularities. The following is obtained by exploiting the canonical module of
R(I) under the assumption of G being bipartite.

Theorem 2. Let G be a bipartite graph. Then, we have:

(i) reg(R(I(G))) = match(G),
(ii) regxy(R(I(G))) ≤ match(G)− 1,
(iii) regT (R(I(G))) ≤ match(G),
where match(G) denotes the matching number of G.

Finally, we apply these results in order to study the regularity of the powers of the edge
ideal I = I(G).

It is a famous result (for a general ideal in a polynomial ring) the asymptotic linearity of
reg(Is) for s� 0 (see [8] and [18]). However, the exact form of this linear function and the
exact point where reg(Is) starts to be linear, is a problem that continues wide open even in
the case of monomial ideals.

In recent years, a number of researchers have focused on computing the regularity of
powers of edge ideals and on relating these values to combinatorial invariants of the graph
(see e.g. [4], [1], [2], [3], [5], [17]). Most of the upper bounds given in these papers use the
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concept of even-connection introduced in [3]. Actually, using this idea as a central tool, in
[17] it was proved the upper bound

reg(Is) ≤ 2s+ co-chord(G)− 1

for any bipartite graph G, where co-chord(G) represents the co-chordal number of G (see
[17, Definition 3.1]). From this nice result we get other sought upper bounds

reg(Is) ≤ 2s+ co-chord(G)− 1 ≤ 2s+ b(G)− 1 ≤ 2s+match(G)− 1,

where b(G) represents the minimum cardinality of the maximal matchings ofG and match(G)
denotes the maximum cardinality of the matchings of G.

As a consequence of our study of the Rees algebra R(I), we make an estimation of
when reg(Is) starts to be a linear function, and we obtain the upper bound reg(Is) ≤
2s+match(G)−1. Perhaps, this could give new tools and fresh ideas to pursue the stronger
and conjectured upper bound

reg(Is) ≤ 2s+ reg(I)− 2.

From the characterization of the universal Gröbner basis and a special monomial order,
we get the following results.

Corollary 3. Let G be a bipartite graph with bipartition V (G) = X∪Y . Then, for all s ≥ 1
we have

reg(I(G)s) ≤ 2s+min
{
|X| − 1, |Y | − 1, 2b(G)− 1

}
.

In the particular case of G being a complete bipartite graph we have

reg(I(G)s) = 2s.

Using the upper bounds for the partial regularities of R(I), we can get our last results.

Corollary 4. Let G be a bipartite graph. Then, the following statements hold:
(i) For all s ≥ match(G) + |E(G)|+ 1 we have

reg(I(G)s+1) = reg(I(G)s) + 2.

(ii) For all s ≥ 1 we have

reg(I(G)s) ≤ 2s+match(G)− 1.
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