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Abstract. We present an algorithm to compute the symmetries of a ruled surface, defined
by means of a rational parametrization. The algorithm proceeds by reducing the problem
to the parameter space, taking advantage of the fact that any symmetry of the surface
corresponds to a birational transformation in the parameter space whose structure can be
predicted.
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Introduction

Symmetries of objects in 3-space are essential to describe their geometry. Additionally,
knowing the symmetries of an object is also interesting from the point of view of applications
because we can save time and memory space when storing shapes, and gain accuracy when
reconstructing shapes from data. Because of this, the problem of computing symmetries
is classical in fields like Computer Vision or Computer Aided Geometric Design, and very
diverse techniques (see for instance the Introduction of the paper [2]), from Statistics to
Harmonic or Spectral Analysis, have been used. However, in these contexts quite often the
object to be analyzed has no structure, and may even be fuzzy up to a certain extent; for
this reason, the algorithms for computing symmetries in the literature of these applied fields
are approximate and numeric at heart.

In our case, we work with a symbolic object with a strong structure, namely a ruled surface
defined by means of a rational parametrization, and we want to provide a symbolic algorithm
to find its symmetries. In order to do this, we start from ideas already used in the curve case
(see for instance [3]) and in the case of polynomially parametrized surfaces [2]. Essentially,
in these papers we used the fact that any symmetry f of the object to be studied has a
corresponding transformation ϕ in the parameter space, that inherits some of the properties
of the symmetry it is associated with; computing the associated transformation ϕ leads, in
turn, to the symmetry f itself. However, in order to find ϕ, first one needs to guess the
structure of ϕ. This is easy to do for curves, but in general not for surfaces, and requires to
make use of the properties of the surface (in our case, of the fact that it is ruled).
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1. Main ideas and results.

Let S be a ruled surface defined by means of a rational parametrization

(1) xxx(t, s) = ppp(t) + sqqq(t).

We will assume that xxx(t, s) is proper, i.e. generically injective, and, which is crucial for our
approach, that qqq(t) is polynomially parametrized. Observe that we can always safely assume
this last condition: indeed, for any polynomial µ(t) the two parametrizations xxx1(t, s) =
ppp(t) + sq̃qq(t) and xxx2(t, s) = ppp(t) + sµ(t)q̃qq(t) define the same ruled surface, since the rulings
of both surfaces coincide. Thus, if qqq(t) is rational, we can multiply qqq(t) by an appropriate
factor to make it polynomial; replacing the old qqq(t) by the new one, we get the same surface;
furthermore, one can prove that this can be done without losing the properness of xxx(t, s).

An affine mapping f : R3 → R3, where f(x) = Qx+ b, Q ∈ R3×3, b ∈ R3, is a symmetry
of S if f is an orthogonal transformation such that f(S) = S. Symmetries include classical
symmetries, i.e. symmetries with respect to a plane (planar symmetries), with respect
to a line (axial symmetries), with respect to a point (central symmetries), and rotational
symmetries (rotations leaving S invariant). Since xxx is a proper parametrization, xxx−1 exists
and we have the following diagram

(2) S
f // S

R2

xxx

OO

ϕ
// R2

xxx

OO

Here, ϕ is a birational transformation which makes the diagram commutative, so f◦xxx = xxx◦ϕ.
Since f(x) = Qx+ b, and writing ϕ(t, s) = (ϕ1(t, s), ϕ2(t, s)), we get

(3) Q · xxx(t, s) + b = xxx(ϕ1(t, s), ϕ2(t, s)).

In the case of symmetries of curves, i.e. when xxx : R→ Rd, one has an analogous commu-
tative diagram with ϕ : R→ R. For curves, the fact that ϕ is a birational transformation of
the real line immediately implies that ϕ is a Möbius transformation, so that the structure
of ϕ is known. In our case, however, ϕ is a birational transformation of the plane, i.e. a
Cremona transformation. But unlike birational transformations of the line, Cremona trans-
formations do not have a closed form. Thus, in order to get a clue on how ϕ looks like,
we need to make use of the properties of the surface S; in this case, of the fact that S is
ruled. The next result provides a first result in this direction. The theorem exploits the fact
that any symmetry of S sends rulings to rulings, and the observation that the rulings are
parametrized as xxx(t0, s), with t0 a constant; the rest of the theorem follows from Eq. (3).
Additionally, here we need to exclude the case of doubly-ruled surfaces; it is well-known that
these surfaces are planes, hyperbolic paraboloids and single-sheeted hyperboloids1.

1These quadrics can be detected using [1], and their symmetries can be easily computed after from the
matrix associated with the implicit equation of the surface, which is easy to find.
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Theorem 1.1. Let S be a rational ruled surface properly parametrized by xxx(t, s) = ppp(t) +
sqqq(t), which is not doubly ruled. Then

(4) ϕ(t, s) = (ψ(t), b(t)· s+ a(t)),

where ψ(t) = (αt+ β)/(γt+ δ) is a Möbius transformation and a(t), b(t) are rational func-
tions.

When we substitute the ϕ(t, s) of Eq. (4) into Eq. (3), we obtain

(5) Q · qqq(t) = b(t) · qqq(ψ(t)).
Additionally, since Q is an orthogonal matrix, we get

(6) ‖qqq(t)‖2 = b2(t) · ‖qqq(ψ(t))‖2,
where ‖ · ‖ represents the usual Euclidean norm. Since qqq(t) is a polynomial parametrization,
we deduce that the right hand-side of (6) must be a polynomial as well, and must have
the same degree as ‖qqq(t)‖2. Taking all these observations into account, one can prove the
following result on the factor b(t).

Lemma 1.2. The function b(t) is polynomial, and it satisfies that b(t) = k(γt+ δ)n, where
n is the degree2 of the parametrization qqq(t), γt+δ is the denominator of the Möbius function
ψ(t) in Theorem 1.1, and k is a constant.

Lemma (1.2), jointly with Eq. (6), provides a polynomial system for the parameters
α, β, γ, δ of the Möbius function ψ(t), and k; additionally, since at least one of the α, β, γ, δ
must be nonzero, we can always pick one of them to be 1, therefore reducing the number
of parameters to 4. In the case of involutions (i.e. whenever f ◦ f = IdR3 ; for instance,
planar symmetries, axial symmetries and central symmetries), we can do better. In that
case, since f ◦ xxx = xxx ◦ ϕ, we obtain ϕ ◦ ϕ = IdR2 as well. This adds some extra conditions
on the parameters of ψ(t) and b(t); more precisely, one has the following two possibilities:

(i) α = δ, β = γ = 0 and k2 = δ−2n; (ii) α = −δ, k2(γβ + δ2)n = 1.

Furthermore, choosing one of the parameters α, β, γ, δ to be 1, we can come down to two
parameters, so we need to deal with bivariate systems at most.

Once the parameters of b(t), ψ(t), are computed, the matrix Q is computed from Eq. (5).
In order to compute the symmetries f(x) = Qx + b themselves, for each Q it remains to
find the corresponding b, which in turn requires to determine the function a(t) in Eq. (4).
For this purpose, we can go back to Eq. (3). Let us write the entries of the matrix Q as
Qij , and let b = (b1, b2, b3); also, let pi(t), qi(t) be the components of ppp(t), qqq(t). From Eq.
(3) and taking the preceding results into account, we have

(7) Q · ppp(t) + b = ppp(ψ(t)) + a(t)qqq(ψ(t)).

The above equation splits into three equations of the type

(8) Qi1 · p1(t) +Qi2 · p2(t) +Qi3 · p3(t) + bi = pi(ψ(t)) + a(t)qi(ψ(t)),

2That is to say, the maximum of the degrees of the components of qqq(t).
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where i = 1, 2, 3. If a(t) is identically zero (which happens, for instance, when S is a conical
surface), evaluating Eq. (7) already yields b. Otherwise, we need to examine in more detail
the system provided by Eq. (7). In this system we already know the Qij , and ψ(t). Now,
eliminating the function a(t) in the equations of Eq. (7) and evaluating at a random t0 ∈ R,
we can write b1, b2, b3 in terms of just one of them, say b3. Then we can write a(t) in terms
of b3, t, and impose that Eq. (3) holds identically. From here, all the symmetries of the
surface can be computed. Computing the values for the parameters α, β, γ, δ is the step
which dominates the complexity of the whole procedure, which is polynomial [4].

For instance, consider the conical surface S parametrized by

xxx(t, s) = (2ts(t4 − 6t2 + 1), s(−t2 + 1)(t4 − 6t2 + 1), s(t2 + 1)3).

This surface has many symmetries, but for lack of space we will just mention its 3 planes
of symmetry, which happen to coincide with the coordinate planes. The function ϕ(t, s) =
(−t, s), where α = −1, β = 0, γ = 0, δ = 1 and k = 1, corresponds to the symmetry

with respect to the yz-plane. Also, ϕ(t, s) =
(
1

t
, s · t6

)
corresponds to the symmetry with

respect to the xz-plane. Additionally, ϕ(t, s) =

(
−t+ 1

t+ 1
,
−s(t+ 1)6

8

)
corresponds to the

symmetry with respect to the xy-plane. The symmetry planes, in red, green and blue color,
are shown in the figure jointly with the surface S.
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