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Abstract. In this work we present some algorithms and programs for computing different
types of spectral sequences, a useful tool of Algebraic Topology which has been frequently
used in order to compute homology and homotopy groups of spaces. The programs make
it possible to determine all components of spectral sequences even when the initial spaces
are not of finite type. Moreover, the programs have been applied in other contexts to
determine persistent homology, homology of groups, spectral systems and homology of
finite topological spaces.
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Introduction

Spectral sequences are a useful technique in Algebraic Topology traditionally applied to
calculate homology and homotopy groups of spaces (see [Mac63] or [McC85]). The Serre
spectral sequence [Ser51], for example, gives information about the homology groups of the
total space of a fibration when the homology groups of the base and fiber spaces are known.
On the other hand, the Eilenberg-Moore spectral sequences [EM65] give information about
the homology groups of the base space (resp. the fiber space) from the homologies of the
total space and of the fiber (resp. base space). For the computation of homotopy groups,
the spectral sequences of Adams [Ada60] or Bousfield-Kan [BK72] can be used. And many
other examples of spectral sequences can be found in the literature: Bockstein, Grothendieck,
Hurewicz, Künneth, Quillen, Van Kanpen, etc.

A spectral sequence is a family of “pages” (Er
p,q, d

r)r≥1 of differential bigraded modules as
in Figure 1, each page being made of the homology groups of the preceding one. In many
situations, a formula is given only for the first page of the spectral sequence, but then the
following levels can only be determined when the initial space is of finite type (a situation
which is not very frequent) or in particular cases where many of the groups Er

p,q’s of the
first level are zero.

In this work, we present a set of algorithms and programs for computing spectral sequences
implemented in the system Kenzo [DRSS99], a program devoted to Symbolic Computation
in Algebraic Topology, which has made it possible to determine homology and homotopy
groups of complicated spaces of infinite type. The programs can be applied for computing
the classical examples of spectral sequences of Serre and Eilenberg-Moore (also for infinite
type spaces) and in other different situations such as the computation of persistent homology,
homology of groups, spectral systems and homology of finite topological spaces.
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Figure 1. First levels of a first quadrant spectral sequence.

1. Spectral sequences of filtered complexes

In [RRS06], a set of algorithms and programs was developed for computing spectral
sequences of filtered complexes, a particular type of spectral sequence defined in terms of
a filtration . . . ⊆ Fp−1C∗ ⊆ FpC∗ ⊆ Fp+1C∗ ⊆ . . . of a chain complex C∗. The spectral
sequence produces then a sequence of groups which, in a suitable sense, “converges” to
the homology groups of C∗. Although in this case a formal expression for the different
groups Er

p,q’s (as quotients of some subgroups of the filtered complex C∗) is known [McC85]
for all levels of the spectral sequence, this expression can only be directly determined when
the initial filtered complex is of finite type.

Our programs were implemented in the Kenzo system by using the technique of effective
homology (see [RS02]). The programs work in a similar way to the method that Kenzo uses to
determine homology groups of a given chain complex: if a filtered complex C∗ is of finite type,
its spectral sequence can be determined by means of diagonalization algorithms on some
matrices. Otherwise, a pair of reductions C∗⇐⇐ Ĉ∗⇒⇒D∗ from the initial chain complex C∗
to another one D∗ of finite type (also filtered) is constructed. The chain complex D∗ is called
effective. In this way, it is possible to determine all components of the spectral sequence
even when the filtered chain complex is not of finite type. In particular, these programs can
be applied to determine the classical spectral sequences of Serre and Eilenberg-Moore.

2. Bousfield-Kan spectral sequence

The Bousfield-Kan spectral sequence was introduced in [BK72] to establish the Adams
spectral sequence [Ada60] on a simplicial combinatorial background. Under some good
conditions, the Bousfield-Kan spectral sequence associated with a simplicial set X converges
to the homotopy groups of X, π∗(X). This spectral sequence is not defined by means
of a filtered complex and more complicated structures such as towers of fibrations and
cosimplicial spaces are involved in the construction (see [BK72] for details).

In [RS17], an algorithm was developed computing the Bousfield-Kan spectral sequence
associated with a simplicial setX which has effective homology. This algorithm is not related
with the one presented in Section 1 and requires the use of a new theory, called effective
homotopy, inspired by the technique of effective homology and introduced in [RS12]. The
main ingredient of the algorithm computing this spectral sequence consists in constructing
the effective homotopy of the different elements in the tower of fibrations which appears in
the definition of the spectral sequence. The algorithm can be applied to 1-reduced simplicial



A COMPUTATIONAL REVIEW OF SPECTRAL SEQUENCES AND APPLICATIONS 23

sets X with effective homology, allowing in particular the computation of stable and unstable
homotopy groups of spheres. Moreover, we are able to compute the natural filtration induced
on the homotopy groups by the spectral sequence.

3. Applications

Our algorithms and programs computing spectral sequences have also been used in other
contexts and applications.

First of all, in [RHRS14] we shown the existing relation between spectral sequences and
persistent homology for integer coefficients. Then, a slight modification of our programs
computing spectral sequences of filtered complexes presented in Section 1 made it possible
to compute also persistent homology. By inheritance from our spectral sequence programs,
we obtained for free persistent homology programs applicable to spaces not of finite type
(provided they are spaces with effective homology) and with Z-coefficients (significantly
generalizing the usual presentation of persistent homology over a field).

On the other hand, the notion of spectral sequence has been recently generalized by
Benjamin Matschke in [Mat13] to filtrations of chain complexes indexed over any partially
ordered set, rather than being limited to filtrations indexed over the set Z of integer numbers
as for classical spectral sequences. The collection of groups produced by his generalized
construction is called spectral system and is related with multipersistence. Thanks again to
the effective homology method and using also the technique of Discrete Vector Fields [RS10],
a set of programs has been developed in [GR18] computing generalized spectral sequences.

Finally, in a recent and ongoing work, our programs for computing spectral sequences
have also been applied for the computation of homology of groups and homology of finite
topological spaces.
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