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1 INTRODUCTION

Nowadays mathematical haemodynamics models represent a precious resource for many different applications,
permitting to obtain useful data avoiding invasive measurements. The theory behind the phenomenon is closely
related to the study of incompressible flow trough compliant thin-walled tubes, even collapsible in the case
of veins. In addition, the benefits of properly modelling the mechanical behavior of the vessel wall with a
viscoelastic law, thereby considering the viscous damping of pressure waves, has been demonstrated by recent
works [1]. In this context, to have an efficient, robust and easily extensible model is one of the main relevant
purposes.

2 MATHEMATICAL MODEL

The basic equations of the blood flow in medium to large-size vessels are obtained from the principles of
conservation of mass and momentum [4]. To close the governing partial differential equation (PDE) system, a
tube law representative of the interaction between vessel wall and blood, relating the internal pressure to the
wall displacement via the cross-sectional area, is required. To better reproduce the real behaviour of vessels,
instead of using the standard elastic tube law [4], a viscoelastic model has been considered, starting from the
constitutive equation of the Standard Linear Solid Model (SLSM). Differentiating with respect to time the
rheological equation and recurring to the continuity equation, the following innovative PDE is derived:
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with A cross-sectional area, u velocity, p pressure, α = A/A0 non-dimensional cross-sectional area, calcu-
lated with respect to A0, equilibrium cross-sectional area, pext external pressure, and x and t space and time,
respectively. K is the material elastic coefficient which accounts for the combined variation in space of the in-
stantaneous Young modulus, E0, and the wall thickness, while m and n are specific parameters of the behaviour
of the vessel wall, whether artery or vein [5]. E∞, asymptotic Young modulus, and τr, relaxation time, together
with E0, are the parameters defining the viscoelastic behaviour of the vessel wall. Thus, adding eq. (1) to the
system of governing equations, the sought 1D augmented fluid-structure-interaction (FSI) system is obtained.
It has to be observed that the added tube law eq. (1) can be reconducted to the classical elastic (Laplace) law in
its PDE version, simply considering the source term equal to zero.

3 NUMERICAL MODEL

For the resolution of the system the Implicit-Explicit (IMEX) Runge-Kutta (RK) schemes, proposed by Pareschi
and Russo for applications to hyperbolic systems with stiff relaxation terms, are considered [6], since the blood
flow system proposed here behaves exactly as a relaxation system. Focusing on the source term in eq. (1), it is
easy to observe that the relaxation time of the material, τr, represents the stiffness parameter of the system. The
adopted scheme is asymptotic preserving (AP) and asymptotically accurate in the zero relaxation limit, with an
elevated robustness given by the implicit RK treatment of the stiff part. Usually, simpler splitting techniques
are preferred to solve these kind of problems (e.g. Strang splitting, which provides second order of accuracy).
However, these techniques reduce to first order of accuracy when the problem becomes stiff, so when the fastest
time scales play a leading role in the global physics of the phenomena and the composed solution of the splitting
technique fails to capture the proper dynamics [3, 6], as it is demonstrated with some numerical tests presented
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Figure 1: Results obtained recurring to the splitting technique (left) and using the IMEX scheme (right) in the perturbed system test
case in terms of flow rate. The areas in the zoom depict the inaccuracy given by the Splitting method when dealing with the given stiff
system.

in this work.
In the adopted IMEX RK scheme, a finite volume implicit discretization, with a second-order L-stable di-
agonally implicit Runge-Kutta method (DIRK), is applied to the source term. A second-order explicit strong-
stability preserving (SSP) discretization is applied to the non-stiff terms, recurring to the explicit path-conservative
finite volume method (FVM) with the second-order Dumbser-Osher-Toro (DOT) Riemann solver, as applied in
[2] for compressible flows in polymer tubes.

4 NUMERICAL RESULTS AND DISCUSSION

The proposed augmented FSI system is validated (for the elastic part) through five Riemann problems (RP),
for which the exact solution is available only considering an elastic behaviour of the vessel wall [4]. The first
of these RPs has been selected to verify the well-balancing of the scheme, while the others concern unsteady
problems in a tract of the aorta and in a tract of the internal jugular vein. Successively, the C-property of the
scheme has been also tested in a continuous-discontinuous solution case. Furthermore, given the fact that an
exact solution of the blood flow problem in viscoelastic vessels does not exist, to validate also the contribution
given by viscoelasticity, a test problem is designed for a modified non-linear system of equations that is a per-
turbation of the original system via a source term vector [4], applying it to a generic artery and to a generic vein.
The expected order of accuray of the proposed scheme is then verified conducting an accuracy analysis for the
latter test cases, comparing the results with those that would be obtained if a simple splitting-technique were
used for the treatment of stiff problems like those considered here (in fig. 1 a highlight of this comparison is
showed). Finally, it is underlined the importance of choosing the SLSM to correctly characterize the behaviour
of the vessel wall, instead of the widely used Kelvin-Voigt model [1], with the innovative PDE formulation
proposed in this work.
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